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1
Introduction

"The underlying physical laws necessary for the mathematical
theory of a large part of physics and the whole of chemistry are thus
completely known, and the difficulty is only that the exact application of
these laws leads to equations much too complicated to be soluble. It therefore
becomes desirable that approximate practical methods of applying quantum
mechanics should be developed, which can lead to an explanation of the main
features of complex atomic systems without too much computation."

Paul Dirac (1929)

1.1 Motivation and scope of the thesis

The field of condensed matter physics (CMP) holds tremendous importance in both
theoretical science and industry-oriented technology. Considering the amount of
progress made in this area, it is astonishing to realize that condensed matter physics
is a relatively new area of physics. In the 1950s, only a couple of laboratories con-
ducted research programs in condensed matter [1] and university courses on solid
state physics were recent additions to the curriculum. Over the course of the next 70
years, condensed matter physics evolved at the highest pace, due to a couple of fac-
tors: novel experimental discoveries and more efficient experimental techniques for
materials characterization, new theoretical concepts, models and methods that ad-
vanced the reach of condensed matter and, last but not least, multiple numerically-
based approaches that lead to the programming of highly effective simulation pro-
grams.

Condensed matter physics already overlaps with various other branches of the
physical sciences, such as statistical and theoretical physics, chemistry, materials sci-
ence, magnetism and spintronics and, over the last decades, high performance com-
puting. The computational side of CMP has become a fundamental area of research
on its own, aiming to open novel pathways into the future of technological progress.
The established numerical methods of condensed matter play an essential role not
only in the description of systems with thousands of atoms, that cannot be solved
otherwise, but also in the design of low dimensional devices that perform at a quan-
tum scale and require precise control of the quantum states. On top of this, with the
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FIGURE 1.1: The simulation methods and programs employed
throughout the thesis, ranging from techniques that focus on accu-
rately describing systems of only a couple of particles to tight binding
and effective mass formalisms that model solids at mesoscopic scales.

rapid advancements in artificial intelligence and machine learning (ML) techniques,
there is a growing interest in employing ML schemes to resolve CMP problems [2].

This thesis is focused on a set of well-established computational methods used in
conjunction with machine learning techniques for the purpose of simulating quantum-
scale two-dimensional devices with applications in information technology. Since
this is the era of swift development of quantum technologies, one needs to acquire
a wide and encompassing view of the numerical approaches employed in quantum
transport and use them to simulate and guide the design of novel low-dimensional
devices. In Figure 1.1, we highlighted the main computational simulation programs
that we utilized, covering the spectrum that lies between atomistic approaches and
effective mass formalisms. Our goal is to model and simulate low dimensional single
and multi-particle systems, providing the building blocks for a new era of quantum-
engineered devices that meet the requirements of energy efficiency and scalability.
For example, the exact description and control of quantum states is critical to the
design of quantum computing architectures. In novel nano-transistor prototypes,
quantum transport takes precedence over the classical drift-diffusion models, due
to the continuous down-scaling imposed by the prompt technological advances. We
explore these avenues of device modeling in the second part of the thesis and the
devices that we simulated are presented in Figure 1.2. Also, computational accuracy
and time effectiveness must be both accounted for, and to this end we also propose
the use of ML techniques in order to aid the device modeling process.

1.2 Chapter summaries

In the second chapter, we introduce the theoretical fundamentals of quantum trans-
port, starting from the well-known Landauer-Buttiker formalism. Along with the
down-scaling of solid-state devices, there has been a great effort dedicated to a de-
tailed understanding of the transport phenomena in nano-structures like quantum
dots, quantum rings or wires. To this end, the Landauer-Buttiker formalism remains
the most popular, by providing a simple, yet elegant description of transport that
links the conductance of the mesoscopic device to the transmission function. In turn,
the transmission is computed with the aid of the scattering matrix (S-matrix), one of
the most relevant mathematical tools employed to describe the transport properties
in nanostructures. Moving to a more formal and rigorous approach, we introduce
Green’s functions and briefly discuss their wide reach in theoretical physics. We
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FIGURE 1.2: Low dimensional devices proposed and studied in the
thesis, described in detail throughout the final chapters that present

the main results.

end this introductory chapter with a section on topological insulators, where we in-
troduce the BHZ model, one of the most popular models that aims to describe the
properties of this new class of materials with exotic transport properties.

In Chapter 3, we present a theoretical overview of the computational methods
employed in quantum transport. We begin with an introduction into the density
functional theory (DFT), which is built onto the work of Hohenberg and Kohn and,
subsequently, Kohn and Sham. Due to the accuracy and efficiency of the functionals
used to solve the Kohn-Sham auxiliary system, DFT became the standard method
in computational materials science. DFT can also be extended to non-equilibrium
transport, by means of the non-equilibrium Green’s functions formalism, which we
introduce in the second section of the chapter. From atomistic simulations, we move
on to describe effective-mass approximation models, starting with the R-matrix for-
malism, an efficient numerical approach that is described in detail in this thesis. We
also present the tight binding model and the wavefunction matching method, which
are intrinsically connected to the Kwant simulation package, employed extensively
in this thesis.

In Chapter 4, we pivot towards a new paradigm in computational condensed
matter, namely the use of machine learning (ML) techniques in order to improve
and add to the well-established simulation tools. We discuss in this chapter the
theory behind some of the most popular ML algorithms: feed forward neural net-
works, convolutional neural networks, generative adversarial networks and condi-
tional generative adversarial networks.

Chapters 5, 6 and 7 are dedicated to the presentation of the most important orig-
inal results. In Chapter 5, we introduce an extension of the R-matrix formalism
to bi-particle scattering problems, which was previously presented in detail in [3].
Chapter 6 focuses on the modeling and simulation of various low-dimensional de-
vices with potential applications in information technology. We begin by thoroughly
describing a two-dimensional bi-particle system where the confining potential of the
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electrons is controlled by a top gate potential. Employing simulation techniques de-
scribed in the previous chapters, along with machine learning models, we are able to
determine the energy spectra with a high degree of accuracy. Subsequently, we ad-
vance to the modeling of periodic systems, focusing on Lieb lattices as a prototype.
The next step is to move towards a reconfigurable device, with potential applications
in the field of neuromorphic computing. The last section of Chapter 6 is dedicated
to the in depth study of a two-channel nanotransistor, where we employed both R-
matrix and tight binding based simulations in order to compute the transmission
functions and I-V characteristics of a novel prototype of a nanotransistor. Its work-
ing principle relies on lateral resonant tunneling and paves the way to low-energy
applications.

In Chapter 7 we discuss two 2D multi-terminal devices that work as probabilistic
quantum sorters. We explore the possibility of tuning the scattering potential in a
low dimensional device such that one can separate the outgoing states by both their
transversal mode and spin, providing a way to determine the state of a quantum
system by simply measuring the current in an output port. We also explore the
possibility of creating such a device with topological insulators and exploiting their
unique transport properties in order to increase the accuracy of the quantum sorter.
The final chapter presents the summary and conclusions. It is followed by a series of
Appendixes that aim to further explain concepts that were not fully detailed in the
main part of the thesis and to list some of the codes used in the quantum transport
simulations.
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2
Fundamentals of quantum transport

2.1 Mesoscopic systems and the Landauer-Büttiker
formalism

Historically, quantum transport was built upon a field that appeared around four
decades ago, in the 1980s, known as mesoscopic physics. The name emphasized an ex-
ploration of phenomena that lied between the microscopic and macroscopic realms,
using methods from both semi-classical transport and quantum mechanics. The
mesoscopic regime became recognized as the bridge between quantum and clas-
sical, being materialized into electronic devices along with the down-scaling of all
technologies that stand at the core of information processing. Dimensionality itself
is not enough to label a system and assign a transport regime, so there are other
length scales to be considered: the coherence length ℓϕ, the energy relaxation length,
ℓin , the elastic mean free path, ℓ0, the Fermi wave length of the electron, λF [4, 5]. If
the size L of the sample is much smaller than the energy relaxation length, ℓin and
the phase breaking length, ℓϕ, we reside in the mesoscopic regime and the trans-
port is coherent. Now the question that arises is what formalism we employ to
describe such a situation. We discuss in this section the Landauer-Büttiker approach
to coherent transport in mesoscopic structures and use it as a building block to intro-
duce fundamental mathematical tools for quantum transport. Then, we shall shift
slightly to a new direction of condensed matter, namely topological phenomena and
familiarize ourselves with some of the most popular theoretical model that describes
topological insulators.

Mesoscopic systems Conventional systems
Ballistic L ≤ ℓe Diffusive L ≫ ℓe
Phase coherent L ≤ ℓϕ Incoherent L ≫ ℓϕ

Quantum confinement effect L ≤ λF No quantum confinement effect L ≫ λF

TABLE 2.1: Characteristic quantities of mesoscopic and conventional
transport, in terms of the system size L
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2.1.1 The Landauer formula

Consider a 1D wire connected to two reservoirs (represented as leads) to its left and
right, with fixed chemical potentials denoted by µL ≡ µ1 and µR ≡ µ2. We assume
that there is a net current flowing from left to right, so that µ1 > µ2. If we consider a
cross sectional surface denoted as Ω (see Figure 2.1) near the right lead, the current
can be expressed as:

I = −e
ˆ

dEg(E)v(E)
[
T (E) f (E− µ1) +R′(E) f (E− µ2)− f (E− µ2)

]
, (2.1)

where g(E) is the density of states in the leads, v(E) is the velocity, and f (E− µ1,2)
are the Fermi distributions in the left and right leads respectively. Also, T (E) is
the transmission probability for the electrons from the left leads to end up in right
reservoir; R′(E) is the reflection probability of the electrons from the right reservoir
to return into the same reservoir. If we consider R to be the reflection probability of
the left electrons to return, then, in this simple two terminal case, we consider that
R′(E) = R(E). Also, since the total probability must be equal to unity, we use the
fact thatR(E) + T (E) = 1, hence equation 2.1 becomes:

IΩ = −e
ˆ

dEg(E)v(E)T (E) [ f (E− µ1)− f (E− µ2)] . (2.2)

If the applied voltage difference V12 is small, µ1 − µ2 = |e|V12 ≪ kBT, we are in
the linear response regime, we can use the expansion:

f (E− µ2) = f (E− µ1) + f ′ (E− µ1) (µ1 − µ2) + . . . (2.3)

Therefore,

f1(E)− f2(E) =
∂ f1(E)

∂E
(µ1 − µ2) = −

∂ f1(E)
∂E

|e|V12.

Using the formula for the density of states in the 1D case (g(ε) = 1/hv(ε)), we
obtain the result

I = e (µR − µL)

ˆ
dEg(E)v(E)

(
−∂ f

∂ε

)
T (E)

=
e
h
(µ2 − µ1)

ˆ
dE
(
− ∂ f

∂E

)
T (E).

(2.4)

At low temperatures, we can assume that T → 0, which allows us to replace the
derivative of the Fermi distribution with ∂ f /∂E → −δ (E− EF), where δ (x− x0) is
the Dirac delta function. Hence, the current is rewritten as:

I =
e
h
(µR − µL) T (EF) . (2.5)

If we take note of the fact that the conductance in the system is G = dI/dV, we
easily obtain the well-known Landauer formula:

G =
e2

h
T (EF) (per spin channel)

G =
2e2

h
T (EF) (spin degeneracy included)

(2.6)
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FIGURE 2.1: (a) A schematic representation of an ideal two-terminal
system, with leads indexed by p and q, where Tp→q = Tqp is the trans-
mission probability of an electron injected into terminal p to reach q.
(b) Transverse modes into one of the ideal leads, considered to be
translationally invariant along the transport direction and supplied

with particles from the reservoirs.

For a case when we have N perfectly conducting channels:

G0 = gs
e2

h
N, (2.7)

where gs accounts for the spin degeneracy.
Before we move on to the next section, there is one important observation to

make about the formalism derived above. The Landauer formula is highly intuitive
from a quantum mechanical perspective, since it directly relates the transmission
probability to the conductance of the sample. It is to be expected that if the trans-
mission through the quantum system is null, then the conductance should be zero
as well. An interesting question arises in the opposite case, when the transmission is
equal to unity and G = e2/h, which is, of course, a finite value. The same reasoning
applied before would lead us to believe that a wire with no scattering would have
infinite conductance, which is clearly not the case. The solution to this is to associate
the resistance h/e2 with the contact resistance, due to the coupling between the ideal
wire and the leads. Therefore,

G−1
total = G−1

wire +
h
e2 . (2.8)

Conductance quantization

The first experimental proof of conductance quantization in two-dimensional (2D)
systems came in the form of two seminal papers published independently in 1988,
by van Wees et al. [6] and Wharam et al. [7]. In these papers, the authors presented
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FIGURE 2.2: (a) Resistance of the quantum point contact as a function
of the gate voltage. In the inset, the authors represented a schematic
top view of the split gate structure. (b) Conductance of the same
quantum point contact as a function of gate voltage after subtracting
the contact conductance GC. Reprinted with permission from Physical

Review Letters [6]

their surprising results on the low temperature conductance of quantum point con-
tacts. They reported the first experimental results on the resistance quantization
of point contacts created within the two-dimensional electron gas (2DEG) of GaAs-
AlGaAs heterostructures. The quantum point contact behaviour is obtained with
the aid of a split gate structure that is used to deplete the electronic gas underneath
it (see the inset in Figure 2.2). In this manner, one can recreate experimentally nar-
row constrictions in the 2DEG, with widths around W ≈ 250 nm, comparable to the
Fermi wavelength λF ≈ 40 nm and much shorter than the mean free path l0 ≈ 10 µm
[8]. This method allows for the control of the width of the point contact, a property
which, in contrast, cannot be modified easily in the case of metal point contacts.

After a detailed investigation of the structure, both research groups have noticed
that the resistance of the 2DEG has well-defined quantized plateaus. In order to
separate the resistance of the 2DEG from the resistance of the whole system, one
needs to substract the contact resistance, discussed previously, which is gate voltage
independent and has a value of approximately 25.8 kΩ. The conductance plateaus
were observed for:

G =
2e2

h
N, (2.9)

where N is an integer number. Therefore, the conductance is quantized in units of
the conductance quantum:

G0 =
e2

h
= 3.8740459× 10−5Ω−1. (2.10)

The potential applied to the gate electrodes repels the electrons, which resembles
a quantum barrier. A narrow constriction is formed in the 2DEG. Increasingly neg-
ative voltages create greater repulsion, and make the constriction narrower. In turn,
the number of open channels through the constriction is determined by its width.
A new channel opens up when the energy of the electrostatically induced barrier
surpasses the Fermi energy. Therefore, one can write

En ≡ n2 h̄2

2m

( π

W

)2
= EF =

h̄2k2
F

2m
, (2.11)
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FIGURE 2.3: (a) Representation of a two-terminal system, where we
can use one coordinate system for the L+C+R device. (b) Generaliza-
tion to a multi-terminal system, where we consider that each lead has
its own coordinate system and xα perpendicular on the cross-section

of the lead, pointing away from the scattering region.

where W is the width of the constriction, n is the number of channels, EF is the Fermi
energy and kF is the Fermi wavelength. The number of open channels is then:

Nopen =

[
kFW

π

]
, (2.12)

where the brackets stand for integer part. When this experiment was performed, the
result of conductance quantization was not expected in a system that is so far from
the ideal waveguide.

2.1.2 The S-matrix

The Landauer-Buttiker formalism links the conductance of a mesoscopic system to
the transmission, therefore the next step is to look into the theoretical tools we use
to calculate the transmission. We shall consider a simple system composed of three
regions: the right and the left leads, and a central scattering region. The leads are
considered to be reflectionless, perfect straight contacts with hard walls in which we
assume asymptotic solutions for the wavefunctions. The electrons are injected into
the leads through macroscopic conductors that are considered reservoirs, where one
can define thermodynamic quantities like the chemical potential and the tempera-
ture. The leads connected to this reservoirs are modeled as semi-infite, to preserve
translational invariance along the transport direction, but they have a lateral con-
finement potential that induces the transverse modes of propagation.

The Hamiltonian of a lead α is:

Hα =
1

2m∗
p2

xα
+

1
2m∗

p2
y + V(y), y ∈ [0, W], (2.13)

where W is the width of the leads and V(y) is the confinement potential. The eigen-
states of HL,R are a product between a plane wave and a transverse wavefunction.
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In order to express the scattering states in a manner that is also suitable for a multi-
terminal system, we define a local coordinate xα in each lead α and consider that xα

is positive in the direction pointing away from the scattering region (see Figure 2.3).
Hence, incoming plane waves will be of the type e−iknxα and outgoing plane waves
will pe eiknxα , where n denotes a particular transverse mode in lead α.

Therefore, the eigenfunctions can be written as:

ϕ±αn(x, y) = e∓iknxα χα,n(y), (x, y) ∈ α, (2.14)

where the ± superscript stands for incoming/outgoing states and

χα,n(y) =

√
2

W
sin
(

n
πy
W

)
, n=1,2, . . . , Nα , (2.15)

are the transverse functions. Also, Nα is the total number of channels in lead α.
The total energy is:

E =
h̄2

2m∗
k2

n + εn, εn =
h̄2

2m∗
(πn

W

)2
, (2.16)

The wavefunctions in the leads are a linear combination of the incoming and
outgoing states, while in the scattering center region the form of the wavefunction
is unknown at this point. In the following, we restrict our discussion to the simpler
two-terminal case, where α = L, R and we denote by aL,R the amplitudes of the
incoming waves and by bL,R the amplitued of the outgoing ones. We can therefore
write the system wavefunction as:

ψ(x, y) =


∑m aL

mϕ+
Lm(x, y) + ∑m bL

mϕ−Lm(x, y), (x, y) ∈ L

∑n aR
n ϕ+

Rn(x, y) + ∑n bR
n ϕ−Rn(x, y), (x, y) ∈ R

ψC,E(x, y), (x, y) ∈ C

⇒ ψ(x, y) =


∑m aL

me−ikmxL χm(y) + ∑m bL
meikmxL χm(y), (x, y) ∈ L

∑n aR
n e−iknxR χn(y) + ∑n bR

n eiknxR χn(y), (x, y) ∈ R
ψC,E(x, y), (x, y) ∈ C

(2.17)

In the framework of the scattering matrix formalism we are looking for a mathe-
matical object that links the coefficients of the incoming and outgoing states. These
coefficients are represented in column vector form as:

cin =



aL
1

aR
1
·
·
·

aL
n

aR
n


and cout =



bL
1

bR
1
·
·
·

bL
n

bR
n


(2.18)

The notations L, R, C stand for the left/right leads and the central region and
we denote D to be the dimension of the central region along the x direction. The
fundamental principles of quantum mechanics impose that the wavefunction and
its first derivative must be continuous. Keeping this in mind, we obtain a linear
system of equations that determine the coefficients a, b:
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FIGURE 2.4: Block structure of the S matrix for a three terminal sys-
tem. The wavefunction coefficients are denoted by a, b, where the
superscript stands for the leads and the subscript indexes the mode.

(
aL

m + bL
m

)
=

ˆ
dyχm(y)ψC,E(0, y)(

bR
n eiknD + aR

n e−iknD
)
=

ˆ
dyχn(y)ψC,E(D, y)

ikm

(
bL

m − aL
m

)
=

ˆ
dyχm(y) (∂xψC(x, y))x=0

ikn

(
bR

n eikn(E)D − aR
n e−ikn(E)D

)
=

ˆ
dyχn(y) (∂xψC,E(x, y))x=D

(2.19)

For now, we are not concerned with the explicit form of the wavefunction in
the central region, ψC,E(x, y). However, we notice that we can define a matrix that
directly relate the outgoing amplitudes to the incoming ones:

bαm = ∑
βn

sαm,βnaβn, (2.20)

where m, n stand for the number of modes in leads α, β. This is known as the S-
matrix (scattering matrix) and it will become a fundamental quantity in quantum
transport.

Matrix formulation In matrix form, the equation above looks in the following

manner:

cout ≡
(

bL

bR

)
=

(
r t′

t r′

)(
aL

aR

)
≡ S

(
aL

aR

)
≡ Scin (2.21)

⇒ S =

(
r t′

t r′

)
(2.22)

For a case with multiple modes in each lead:
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cin =
(

aL
1 , . . . , aL

NL
, aR

1 , . . . , aR
NR

)T

cout =
(

bL
1 , . . . , bL

NL
, bR

1 , . . . , bR
NR

)T (2.23)

with NL,R = NL,R(E) being the number of modes in the leads. The scattering matrix
has the following block form:

S =

(
rNL×NL t′NL×NR

,
tNR×NL r′NR×NR

,

)
(2.24)

For a 2-terminal system with one open channel at a given energy, the spin-generalized
S-matrix becomes a 4 × 4 matrix:

S =


(

r↑↑ r↑↓
r↓↑ r↓↓

) (
t
′
↑↑ t

′
↑↓

t
′
↓↑ t

′
↓↓

)
(

t↑↑ t↑↓
t↓↑ t↓↓

) (
r
′
↑↑ r

′
↑↓

r
′
↓↑ r

′
↓↓

)
 (2.25)

Unitarity of the S-matrix

We determined that the S-matrix relates the outgoing wavefunctions amplitudes to
the incoming amplitudes. There is, however, one additional physical constraint that
we have to account for, namely current conservation. Hence, we are looking for a
scattering matrix that is also unitary. The condition we impose is that the probability
current, which is proportional to particle flux, remains constant. Using the well-
known form of the probability current operator:

j =
h̄

m∗
Im (ψ∗∇ψ) =

h̄
2m∗i

(Ψ∗∇Ψ−Ψ∇Ψ∗) (2.26)

we prove that, for the scattering wavefunction of the type ψ(x, y) = ∑m aL
me−ikmxL χm(y),

the probability current is proportional to the squared amplitude:

j =
NL+NR

∑
m

c∗out,mcout,m
h̄km

m∗
= ∑

m
c∗out,mcout,mvm, (2.27)

where vm is the velocity. The incoming/outgoing particle flux must be conserved,
therefore:

jout = ∑
m

c∗out,mcout,m
h̄km

m∗
= ∑

m,n
s∗mnc∗in,nsmncin,n

h̄km

m∗
= ∑

m,n
s∗mn|cin,n|2smn

h̄km

m∗
(2.28)

jin = ∑
n

c∗in,ncin,n
h̄kn

m∗
= ∑

n
|cin,n|2

h̄kn

m∗
(2.29)

Current conservation implies that jout = jin, therefore:
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∑
m,n
|smn|2

h̄km

m∗
= ∑

n

h̄kn

m∗

⇒∑
m
|smn|2

km

kn
= 1,

⇒ s̃mn = smn

√
km

kn
,

(2.30)

where S̃ is the unitary S matrix.
In matrix form, the relation above is:

⇒
(

k1/2Sk−1/2
)† (

k1/2Sk−1/2
)
= 1,

⇒ S̃ = k1/2Sk−1/2.
(2.31)

The unitarity of the S-matrix ensures current conservation. The transmission and
reflection matrices uphold the following relations if the scattering matrix is unitary:

rr† + t′t′† = r†r + t†t = 1NL

r′r′† + tt† = t′†t′ + r′†r′ = 1NR

rt† + t′r′† = r†t′ + t†r′ = 0NL×NR

Time Reversal Symmetry

We shall now discuss briefly the influence of a magnetic field, which breaks time re-
versal invariance, onto the S-matrix of a quantum system. Consider the Hamiltonian
for a charged particle in a magnetic field:

ĤB =
1

2m
(p− qA)2 + V(r) =

1
2m

[p̂ + |e|A(r)]2 + V(r), (2.32)

where the relation between the magnetic induction and the vector potential is B =
∇×A.

The scattering states satisfy the Schrödinger equation:

ĤBψ(r) = Eψ(r),

with the incoming (a) and the outgoing (b) amplitudes related by the scattering
matrix

b = SBa.

Under time reversal, the Hamiltonian is transformed as ˆT −1ĤBT̂ ≡ Ĥ−B and
its eigentstaes are ψ∗(r) = T̂ ψ(r), where T is the time-reversal operator. In short,
if ΨB(r) is a solution so is Ψ∗−B(r). Therefore, we can construct new eigenstates by
complex conjugation followed by the reversal of the magnetic field. Time reversal
changes the direction of propagation, so the incoming and the outgoing amplitudes
of ψ∗ are given by b∗ and a∗, respectively, with

a∗ = S−Bb∗,

a∗ = S−Bb∗ ⇒ a∗ = S−BS∗Ba∗. (2.33)

This shows that:
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FIGURE 2.5: Representation of a multi-terminal system, where α, β
denote the leads, Nα represents the total number of channels in lead
α, T{β}→α is the transmission probability from all leads {β} to lead α
and Rαα represent the reflections back into lead α. Each lead has its
own coordinate system and xα is perpendicular to the cross section of

the lead and points away from the scattering region.

S−BS∗B = 1 ⇒ S∗−B = S†
B ⇒ SB = ST

−B. (2.34)

For B = 0 the system is invariant under time reversal (in commutator language
this translates to

[
ĤB=0, T̂

]
= 0), and the S-matrix is symmetric:

SB=0 = ST
B=0.

Generalization to multi-terminal systems

Many applications of coherent transport rely on multi-terminal devices, so in this
section we outline the generalization of formula 2.4 to a case where there are mul-
tiple leads connected to the scattering region. Consider that an electron is injected
in the system through lead α, mode m and the total number of modes in this partic-
ular lead is denoted by Nα. By making use of the S-matrix defined in the previous
section, the scattering state in lead α can be written as [9]:

ψ
(α)
αm = ϕ+

αm,km
(xα, y) +

Nα

∑
n

sαn,αmϕ−αm,km
(xα, y)

=
Nα

∑
n

δmnϕ+
αm,km

(xα, y) +
Nα

∑
n

sαn,αmϕ−αm,km
(xα, y),

(2.35)

where sαn,αm is the reflection amplitude of mode m of lead α into mode n in the same
lead. In lead, β, the wavefunction is:

ψ
(α)
αm =

Nβ

∑
n

sαm,βnϕ−βn,kn
(xβ, y)

=
Nβ

∑
n

sβn,αmeiknxβ χβ,n(y), (x, y) ∈ β, β ̸= α

(2.36)
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where sβn,αm represents the transmission amplitude from mode m in lead α to mode
n in lead β.

In order to compute the current in this multi-terminal case, we employ the same
approach encountered in section 2.1.1. Consider that α is the lead of interest and the
current is flowing through a cross section in this lead α, from the scattering region
into the lead (see Figure 2.5). Hence, the current is written as:

Iα = −e
ˆ

dEg(E)v(E)

[
∑

β ̸=α,m,n
|sαm,βn|2 fβ(E) + ∑

m,n
|sαn,αm|2 fα(E)−

Nα

∑
m

δmn fα(E)

]

= −e
ˆ

dEg(E)v(E)

[
∑

β,m,n
|sαm,βn|2 fβ(E)− ∑

β,m,n
δmnδαβ fβ(E)

]
,

(2.37)
where Nα is the total number of transverse modes in lead α.

In 1D, the density of states is:

g(E) =
2

hv(E)
=

1
πh̄

√
2m
E

. (2.38)

Therefore,

Iα = gs
|e|
h

ˆ ∞

0
dE ∑

βmn

{
δαβδmn −

∣∣sαn,βm
∣∣2} fβ(E), (2.39)

where gs stanss for spin degeneracy. One can rewrite the equation above in a more
physically transparent form, by separating the transmission and reflection coeffi-
cients:

Rα(E) = ∑
n,m

n,m∈α

kα
n(E)

kα
m(E)

|rα
nm(E)|2 ,

Tαβ(E) = ∑
n

n∈α

∑
m

kα
n(E)

kβ
m(E)

∣∣∣tαβ
nm(E)

∣∣∣2 ,
(2.40)

Iα = gs
|e|
h

ˆ
dE{[Nα(E)−Rα(E)] fα(E)− ∑

β
β ̸=α

Tαβ(E) fβ(E)}. (2.41)

Notice that the reflection and transmission coefficients satisfy the following con-
dition:

Nα(E) = Rα(E) + ∑
β

Tαβ(E), (2.42)

which is the generalization of R + T = 1 for a system of two single mode leads.
In the linear response approximation, equation 2.41 can be expressed as:
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Iα = gs ·
|e|
h ∑

β

ˆ
dETαβ(E)

(
∂ fα(E)

∂E

) (
µβ − µα

)
= ∑

β

Gαβ ·
(

µα

−|e| −
µβ

−|e|

)
⇒ Iα = ∑

β
β ̸=α

Gαβ ·
(
Vβ −Vα

)
,

(2.43)

where Gαβ are the conductance matix elements, identified as:

Gαβ = gs
e2

h

ˆ
dETαβ(E)

(
−∂ fα(E)

∂E

)
. (2.44)

2.2 Green’s functions

2.2.1 Formal definition

A Green’s function is the solution of a linear differential equation with a Dirac delta
source with homogeneous boundary conditions [10]:

LG
(
x, x′

)
= δ

(
x− x′

)
, (2.45)

where L is a general linear operator and δ(x) is the well-known delta Dirac distri-
bution:

δ
(
x− x′

)
=

{
∞, at x = x′

0, otherwise
(2.46)

Let us take a brief look at one simple example from electromagnetism, namely
the Poisson equation:

∇2ϕ(x) = −ρ(x)
ϵ0

, (2.47)

which for a point charge of magnitude unity, located at x′, reads:

ϵ0∇2ϕ(x) = −δ(x− x′).

The potential ϕ that solves this equation is:

ϕ(x) =
1

4πϵ0|x− x′| , (2.48)

therefore

∇2
[

1
4π|x− x′|

]
= −δ(x− x′), (2.49)

and the Green’s function is:

G(x, x′) = − 1
4π|x− x′| . (2.50)
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Green’s functions can be employed in an important class of problems, known as
Sturm–Liouville problems, which are second-order linear differential equations that
define an eigenvalue problem that reads:

Lφ = λφ. (2.51)

The study of the eigenvalues and eigenfunctions of this type of equation became
of great importance in the realm of quantum mechanics also, and Green’s functions
allowed for the conversion of a differential problem to an integral form. From the
set of eigenvalues, the Green’s functions could now be built as a spectral expansion
[10].

2.2.2 Green’s functions as propagators

Let us consider the fundamental cases of time dependent and independent Schrodinger
equations and follow the basic theory of Green’s functions applied to quantum me-
chanical systems.

We begin with the single-particle Hamiltonian:

H = − h̄2

2m
∇2︸ ︷︷ ︸

H0

+V(r)︸︷︷︸
V̂

. (2.52)

We can write the time dependent Schrodinger equations for the interacting sys-
tem and for the non-interacting system as well:

ih̄
∂|Ψ(t)⟩

∂t
= Ĥ|Ψ(t)⟩ =

(
Ĥ0 + V̂

)
|Ψ(t)⟩,

ih̄
∂ |Ψ0(t)⟩

∂t
= Ĥ0 |Ψ0(t)⟩ .

(2.53)

Notice that the equations above have the general form:

L̂ψ(t) = f (t), (2.54)

where

L̂ = ih̄
∂

∂t
− Ĥ,

L̂ = ih̄
∂

∂t
− Ĥ0.

(2.55)

From the fundamental theory of Green’s functions discussed above, we know
that Ĝ(t) satisfy the following equation:

L̂Ĝ(t) = 1δ(t). (2.56)

For the Schrodinger equations in 2.53, there are two types of Green’s functions
that encompass a full description of the state vector:(

ih̄
∂

∂t
− Ĥ

)
Ĝa,r(t) = 1̂δ(t), (2.57)

where
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FIGURE 2.6: (a) Pictorial representation of the full propagator. Prop-
agators can be considered the building blocks of Feynman diagrams.
(b) The full propagator as a sum of all the scattering processes

((adapted from [11]))

{
Ĝr(t) = 0 t > 0, retarded,
Ĝa(t) = 0 t < 0, advanced.

(2.58)

A good solution is:

Ĝr(t) =
{
− i

h̄ e−iĤt/h̄ t > 0,
0 t < 0,

(2.59)

Therefore, in the case of a time independent Hamiltonian, the retarded Green’s
function is actually proportional to the time evolution operator and it directly relates
the state vector |Ψ (t0)⟩ to |Ψ (t)⟩ at a time t > t0:

|Ψ(t)⟩ = ih̄Ĝr (t− t0) |Ψ (t0)⟩ , (2.60)

and for this reason, the retarded Green’s function is also known as a propagator.
Moving further with the calculations, we obtain:(

ih̄
∂

∂t
− Ĥ0

)
Ĝa,r

0 (t) = 1̂δ(t),

⇒
(

ih̄
∂

∂t
− Ĥ0

)
= 1̂δ(t)

[
Ĝa,r

0 (t)
]−1

.
(2.61)

Similarly, (
ih̄

∂

∂t
− Ĥ0 − V̂

)
Ĝa,r(t) = 1̂δ(t), (2.62)

therefore:
1̂δ(t)

[
Ĝa,r

0 (t)
]−1

Ĝa,r(t)− V̂Ĝa,r(t) = 1̂δ(t). (2.63)

Now we multiply to the left with Ĝa,r
0 :

1̂δ(t)Ĝa,r(t) = 1̂δ(t)Ĝa,r
0 (t) + Ĝa,r

0 (t)V̂Ĝa,r(t). (2.64)

By integrating the equation above from t0 to t we obtain the Lippmann-Schwinger
equation for the retarded Green’s function:

Ĝr (t− t0) = Ĝr
0 (t− t0) +

ˆ t

t0

dt′Ĝr
0
(
t− t′

)
V̂Ĝr (t′ − t0

)
. (2.65)
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FIGURE 2.7: Dyson’s equation in graphical form (adapted from [11]).

We can rewrite equation 2.65 in a manner that encapsulates the essence of per-
turbation theory and the diagrammatic approach of quantum field theory. We can
replace the retarded Green’s function in the integral with the formula we obtained
from the Lippman-Schwinger equation and do that recursively to obtain an expan-
sion for the full Green’s function.

Ĝr (t− t0) = Ĝr
0 (t− t0) +

ˆ t

t0

dt′Ĝr
0
(
t− t′

)
V̂ Ĝr (t′ − t0

)︸ ︷︷ ︸
=Ĝr

0(t−t0)+...

(2.66)

⇒ Ĝr (t− t0) =Ĝr
0 (t− t0) +

ˆ t

t0

dt′Ĝr
0
(
t− t′

)
V̂Ĝr

0
(
t′ − t0

)
+

ˆ t

t0

dt′
ˆ t′

t0

dt′′Ĝr
0
(
t− t′

)
V̂Ĝr

0
(
t′ − t′′

)
V̂Ĝr

0
(
t′′ − t0

)
+ · · ·

(2.67)

This is also known as Dyson’s equation (see Figure 2.6). If the series converges, we
can consider the interaction side as only one term, known as self energy:

Ĝr (t− t0) =Gr
0 (t− t0)

+

ˆ t

t0

dt′
ˆ t′

t0

dt′′Ĝr
0
(
t− t′

)
Σ̂r (t′ − t′′

)
Ĝr (t′′ − t0

)
.

(2.68)

In order to visualize this in a more intuitive manner, let us represent the Green’s
function in a symbolic matrix way, directly from 2.57:

Ĝ =
1

E− Ĥ
. (2.69)

Therefore, the full propagator can be expressed as:

G =
1

E− H0 −V
=

1
E− H0

+
1

E− H0
V

1
E− H0

+
1

E− H0
V

1
E− H0

V
1

E− H0
+ . . . ,

(2.70)

where we have used the following matrix identity:
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1
A + B

=
1
A
− 1

A
B

1
A

+
1
A

B
1
A

B
1
A
− . . . .

This brings us directly to the Dyson equation in the form:

G = G0 + G0VG0 + G0VG0VG0 + . . . (2.71)

G = G0 (1 + VG0 + VG0VG0 + . . .)

⇒ G =
G0

1−VG0
=

1
G−1

0 −V
.

(2.72)

Through Dyson’s equation, the complex perturbation problem, involving an in-
finite series of terms, can be turned into an intuitive picture of particle scattering (see
Figure 2.7). The perturbation V is thought of as a scattering process that interrupts
the free propagation.

2.3 Topological phenomena in condensed matter physics

2.3.1 The Quantum Hall Effect and the birth of topological band theory

The first experiment showcasing the quantum Hall effect was realized in 1980 by
Klaus von Klitzing and it lead to him being awarded the Nobel Prize 5 years later
[12]. The experiment was conducted on a Si MOSFET at very low temperatures
(T ≈ 1 K, achieved using liquid Helium) and strong magnetic fields of over 10
Tesla. The original results and the device setup are shown in Figure 2.8 and one
notices immediately that both the Hall and longitudinal resistivity exhibit a striking
behaviour. The Hall resistivity remains on a perfect plateau for a set of values of
the magnetic field, where it takes integer values that depend only on fundamental
constant:

ρxy =
2πh̄
e2

1
n

, n ∈ N. (2.73)

Also, while ρxy sits on a plateau, the longitudinal resistivity is null and it spikes
only when ρxy jumps to the next plateau [13]. Understanding this unprecedented
behaviour requires some fundamental quantum mechanics notions about charged
particles in a magnetic field. The Hamiltonian describing such a system is:

H =
1

2m
(p + eA)2. (2.74)

Let us now assume that electrons are restricted to the 2D plane and the magnetic
field is constant and perpendicular to it, such that ∇ × A = Bẑ. If we work in
the Landau gauge, we can choose the vector potential to be A = xBŷ, hence the
Hamiltonian becomes:

H =
1

2m

(
p2

x +
(

py + eBx
)2
)

. (2.75)

Notice that the vector potential breaks translational symmetry in the x direction.
Taking this into consideration, we employ the following form for the eigenfunctions
of the quantum system:

ψk(x, y) = eiky fk(x). (2.76)
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(A) (B)

FIGURE 2.8: (A) Experimental setup for the measurements in the
Quantum Hall effect. (B) Experimental curves for the Hall resistance
RH = ρxy and the resistivity ρxx ∼ Rx as a function of the magnetic
field, at Vg = 0 V and T ≈ 8 mK (reproduced with permission from

Physical Review B [12]).

After some mathematical gymnastics detailed in [13], we reach the conclusion
that the system Hamiltonian is actually the same Hamiltonian that describes har-
monic oscillator with a shifted center:

Hk =
1

2m
p2

x +
mω2

B
2

(
x + kl2

B
)2

(2.77)

where ωB = eB/m is the cyclotron frequency and lB =
√

h̄
eB is known as magnetic

length. The conclusion is that a charged particle confined to a 2D plane in a perpen-
dicular magnetic field will display quantized energy levels known as Landau levels.
This gives us a way to understand the behaviour of the quantized Hall conductance
in Figure 2.8. If n Landau levels are completely filled at a given chemical potential
(Fermi energy), the transverse Hall resistivity is ρxy = 2πh̄

e2
1
n . The longitudinal re-

sistivity vanishes because since the transport along the chiral edge states does not
allow for dissipation of energy in the bulk.

The QHE can even be described through a classical approach, since, due to the
Lorentz force, electrons gain circular trajectories. In the bulk regions, the electrons
go full circle, while at the edges they hit the margin repeatedly forming the so called
"skipping orbits".

Both the Integer Quantum Hall Effect and its fractional counterpart are com-
pelling examples of how the edges of a mesoscopic system can lead to interesting
new states and phases in condensed matter physics. These effects have paved the
way for new and intriguing fields, both from a theoretical and experimental per-
spective, in particular the topological aspects of band theory. As Klaus von Klitzing
said:
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FIGURE 2.9: Overview of the topological phases mentioned in this
thesis.

"This unexpected direction is an excellent demonstration of how basic research
on a practical device can open up a completely new field of research with new
theories and unforeseeable applications — a real quantum leap" (Klaus von
Klitzing [14] )

2.3.2 Topological phases of matter

Before the discovery of the QHE, phases in condensed matter were described by
means of the Landau-Ginzburg theory of phase transitions. Symmetry was already
recognized as a fundamental tenet of theoretical physics and a particular phase of
the system was characterized by a local order parameter, such as magnetization. The
QHE was the first instance of a quantum phase emerging without the breaking of a
local symmetry, but rather a global symmetry of the system. Global symmetry is
not dependent on the geometry of the system and is also robust to perturbations, as
opposed to local symmetry. In the particular case of the QHE, the edge states are a
consequence of the breaking of time reversal symmetry (TRS) due to the perpendic-
ular magnetic field applied to the 2D device. This experiment and the fundamental
theoretical implications it brought along have prompted further research into this
novel field of condensed matter – topological band theory. Multiple other topologi-
cal phases were discovered subsequently, some of them being exemplified in Figure
2.9.

In mathematics, topology is an area which deals with abstract spaces and studies
mathematical structures that are insensitive to smooth deformations. Take the ex-
ample illustrated in Figure 2.10, with a pie (disk shaped) and a doughnut (shaped
like a torus). The disk cannot be smoothly deformed into the surface of a doughnut
and they are actually distinguished by an integer called the genus, g. The genus is
basically the number of holes in the surface. Surfaces with different genus cannot
be deformed into one another, and are considered to be topologically distinct [15].
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FIGURE 2.10: (a) Schematic representation of the band inversion
mechanism in topological insulators (b) Pictorial representation of
two topologically distinct surfaces, that cannot be deformed into one
another, just as two topological phases are distinct through the values

of their topological invariant.

Meanwhile, a doughnut and a coffee cup are equivalent and could not be distin-
guished from a topological perspective. The rigorous term for topological equiva-
lence is homeomorphism. Also, a property of the topological spaces that are conserved
under a homeomorphism is called a topologial invariant. In the simple example we
gave, the topological invariant is the genus of the geometrical shapes.

For a more extensive review of the topological phases, which do not enter the
scope of this thesis, we recommend referring to [16].

2.3.3 Quantum Spin Hall effect and the BHZ model

The first experimentally discovered two-dimensional topological insulator was the
CdTe/HdTe/CdTe quantum well. CdTe has the band structure of a normal semi-
conductor, with the valence band (Γ8, originating from p-type bands) is separated
by an energy gap from the conduction band Γ6 (originating from s− type bands).
However, bulk HgTe displays an inverted bandstructure, with the Γ8 bands above
the Γ6 bands. Basically, an electron like band becomes a hole-like band.

The fundamental source of the band inversion mechanism in HgTe has been
known for decades and attributed to high spin-orbit splitting in Te and relativis-
tic corrections to the energy levels in Hg [17]. Usually, this mechanism may occur in
narrow band-gap semiconductors, with strong SOC and heavy atoms. Since mate-
rials suitable for topological insulators (TIs) are of great interest recently, more com-
prehensive research was done on this subject, employing both new experimental
techniques (angle-resolved photoelectron spectroscopy, ARPES) and density func-
tional theory DFT based calculations [18]. When the middle layer of HgTe is below
a critical thickness dc, the energy bands are normally ordered, like the ones of CdTe.
However, above dc, the bands are expected to align in the inverted regime. The tran-
sition between these two phases occurs at dc ≈ 6.3 nm, so the experimental process
is essential in the fabrication of this type of TIs [19].
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Bernevig, Hughes and Zhang introduced an effective 4-band model that de-
scribes the CdTe/HdTe/CdTe quantum well near the Γ point [19]. Firstly, the Hamil-
tonian for the 2D TI model has to preserve time reversal symmetry intact. Before div-
ing into the other structural details of the BHZ Hamiltonian, we can check that the
simplest manner to define a time reversal invariant model is to double the Hilbert
space and work with a Hamiltonian of the form:

H(k) =
[

H(k) 0
0 H∗(−k)

]
=

1 + σz

2
H(k) +

1− σz

2
H∗(−k) (2.78)

We can easily check that the Hamiltonian defined above preserves time reversal
invariance:

(
iσyK

)
H(k)

(
iσyK

)−1
=

[
0 1
−1 0

]
·
[

H∗(−k) 0
0 H(k)

]
·
[

0 −1
1 0

]
=

[
0 H(k)

−H∗(−k) 0

]
·
[

0 −1
1 0

]
= H2(k)

(2.79)

The main symmetry considerations are the following [20]:

• In the presence of time reversal symmetry, each state must be doubly degener-
ate according to Kramers theorem. We can order the subbands as |E1, jz = + 1

2 ⟩,
|H1, jz = + 3

2 ⟩, |E1, jz = − 1
2 ⟩, |H1, jz = − 3

2 ⟩, where |E±⟩ and |H±⟩ are Kramers
partners. The states labeled with + are usually referred to as the spin-up, since
they have positive total angular momentum projection, while the − states are
reffered to as spin-down.

• |E1±⟩ and |H1±⟩ have different parity, since they originate from s-like and p-
like bands. Therefore, the states are connected by matrix elements that are odd
under the parity transformation.

The BHZ Hamiltonian has the following form in the basis |E1, jz = + 1
2 ⟩, |H1, jz = + 3

2 ⟩,
|E1, jz = − 1

2 ⟩, |H1, jz = − 3
2 ⟩:

HBHZ =


ϵk + Mk Ak+ 0 0

Ak− ϵk −Mk 0 0
0 0 ϵk + Mk −Ak−
0 0 −Ak+ ϵk −Mk

 , (2.80)

where we have defined the following quantities:
ϵk = C− D

(
k2

x + k2
y

)
Mk = M− B

(
k2

x + k2
y

)
kx,y = −i∂x,y

k± = kx ± iky

(2.81)

The quantities A, B, C, D and M are model parameters. When sgn(M) = sgn(B)
the system is in a non-trivial topological phase. The exact solutions of the BHZ
Hamiltonian were derived by Zhou et al. [21]. In the calculations, they considered
a semi-infinite plane with open boundary conditions at y = 0 and translationa in-
variance along the x direction. This assumption implies that kx is a good quantum
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FIGURE 2.11: (a) Schematic representation of the design of a HgTe TI
(b) Band arrangement when d is larger than the critical dc and (c) the
band inversion that brings the material in a non-trivial topological
phase (d) Pictorial representation of the spin Quantum Hall helical

edge states.

number for the system, while for ky we make the substituion ky ⇒ −i∂y. Since The
BHZ Hamiltonian has a block diagonal form imposed by its underlying symmetries

H (kx,−i∂y) =
(

h(k) 0
0 h∗(−k)

)
,

it is possible to solve the eigenvalue problem for one block h(k) ≡ h(k)↑ and obtain
the other spinor by applying a time reversal symmetry operation. The trial wave-
function employed to solve the eigenvalue problem has the form:

Ψ↑(kx, y) =
(Φ1

↑
Φ2
↑

)
ekxxeλy.

If λ is real and positive, the wavefunction decays to zero as one moves further
from the boundary of the system. This condition is achieved in the topological phase,
when M/B > 0. Since B is usually a negative material parameter, if M < 0 the
system will display helical edge states. The edge states are known as helical because
one of their defining feature is that they are orthogonal eigenstates of the helicity
operator [22]. For this reason, the edge states that emerge in a QSHE system present
spin-momentum locking.
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Reminder 1: Symmetry operators

Time reversal symmetry operator:

Θ = −i
(
σy ⊗ σ0

)
K, (2.82)

where K represents complex conjugation.
Inversion operator:

I2D = σz ⊗ σ0 (2.83)

In order to account for spin-orbit interaction in a topological insulator, one may
add a linear Rashba term that breaks inversion symmetry and couples the |E1, jz = ± 1

2 ⟩
has the following form [23]:

HR =


0 0 −iαRk− 0
0 0 0 0

iαRk+ 0 0 0
0 0 0 0

 . (2.84)

Notice that HR(k) ̸= I2DHR(−k)I2D. Also, the bulk inversion asymmetry (BIA)
term can be introduced as [24]:

HBIA =


0 0 0 −∆
0 0 ∆ 0
0 ∆ 0 0
−∆ 0 0 0

 , (2.85)

where ∆ is a material parameter. The BIA term couples the two spin channels and
breaks Sz symmetry. Rashba SOI is also a source of axial spin symmetry breaking.

Zeeman coupling can be added to a BHZ model through the Hamiltonian [25]
(supplementary material):

HZ = µB


g⊥1 BZ 0 g∥1 (BX − iBY) 0

0 g⊥2 BZ 0 g∥2 (BX + iBY)

g∥1 (BX + iBY) 0 −g⊥1 BZ 0
0 g∥2 (BX − iBY) 0 −g⊥2 BZ


(2.86)

where g⊥,∥
1,2 are longitudinal and transverse effective g-factors that depend on mate-

rial characteristics.
To model ferromagnetic leads, one can add a Zeeman term to the Hamiltonian

[23]:

V̂Z = H0


0 0 e−iθ 0
0 0 0 0

eiθ 0 0 0
0 0 0 0

 , (2.87)

where H0 is the strength of the magnetic field and θ is the in-plane magnetization
angle between the leads.
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3
Methodologies for quantum transport

3.1 Overview of density functional theory

Most of the physical and chemical properties of materials depend on an accurate
calculation of the band structure of solids. However, the problem of determining
the quantum states of a system with N electrons is extremely complex because it in-
volves 3N Cartesian coordinates in the many-body wavefunction, Ψ (r1, r2, · · · , rN).
Density functional theory (DFT) replaces the complicated interacting multi-electronic
problem with a single particle problem of an electron in an effective potential. It
has been successfully applied to determine electronic structures, binding energies,
phonon spectra or forces for molecular dynamics simulations [26, 27]. As we shall
discuss in this chapter, the essence of DFT is that you don’t need to know the de-
tailed form of the many-body wavefunction, since the electronic density is enough
to determine all the relevant ground state properties. However, the downside is that
the theory cannot tell specifically how ground state energy depends on the electronic
density and one needs a set of approximations to express the system Hamiltonian as
a functional of n(r).

Density functional theory emerged in 1964 when Hohenberg and Kohn pub-
lished their seminal paper [28], in which they introduced the theorems that remain,
to this day, the pillars of all DFT-based approaches. The two theorems are presented
in Theorem Box 3.1. While they may seem simple at first, the Hohenberg-Kohn the-
orems lead to an outstanding insight into the physics of a many-body system. We
know from the fundamentals of quantum mechanics that the total energy E of a
quantum system is:

E = ⟨Ψ|Ĥ|Ψ⟩ =
ˆ

dr1 . . . drNΨ∗ (r1, . . . , rN) ĤΨ (r1, . . . , rN) (3.1)

The Hamiltonian in the expression above is a sum of all the kinetic energy terms
and the interaction potentials involved in a multi-electronic system:

Ĥ (r1, r2, · · · , rN) = −∑
i

1
2
∇2

i + ∑
i

Vext (ri) +
1
2 ∑

i ̸=j

1∣∣ri − rj
∣∣ , (3.2)
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where Vext is an external potential. It is obvious that any change in E must be asso-
ciated with changes in the many-body wavefunction⇒ E is a functional of Ψ:

E = F [Ψ] (3.3)

Theorem 1: Hohenberg and Kohn theorems

Theorem I:
For any system of interacting particles in an external potential Vext (r), the
potential Vext (r) is determined uniquely, except for a constant, by the ground
state particle density n0(r).
Theorem II:
A universal functional for the energy E[n] in terms of the density n(r) can be
defined, valid for any external potential Vext (r). For any particular Vext (r),
the exact ground state energy of the system is the global minimum value of
this functional, and the density n(r) that minimizes the functional is the exact
ground state density n0(r).

The first of the HK theorems goes even further and proves that if E is the lowest
possible energy of the system (the energy of the ground state), then E is a functional
of the electron density only:

E = F [n(r)]

In the ground state, the electronic density uniquely determines the external po-
tential of the nuclei Vext (n→ Vext). In any quantum state the external potential, Vext,
determines uniquely the many-electron wavefunction (Vext → Ψ) and total energy,
E, is a functional of the many-body wavefunction (Ψ→ E). This result is highly rel-
evant from a computational perspective, since is drastically reduces the dimension
of the problem at hand.
⇒ The energy of any quantum state is generally a functional of the entire wavefunction,

Ψ (r1, r2, · · · , rN), which contains 3N variables, but the ground-state energy depends only
on n(r), which is a function of three variables only.

3.1.1 The Kohn-Sham auxiliary system

The Hohenberg-Kohn theorems have guided condensed matter physicists in the
right direction, but solving the many-body problem directly was still a futile en-
deavor. The solution was developed by Kohn and his post-doctoral student Sham
[29]. The stroke of brilliance in their insight started with how they partitioned the
energy terms and replaced the many-body system with an auxiliary single-electron
system.

To explain this thoroughly, let’s begin with the total energy of an interacting n-
electron system in the Hartree-Fock approach:

E = Ekin + Eext + EH + Ex (3.4)

In order to map the N-electron problem onto a simpler system of N non-interacting
electrons, we need to find an equivalent description of the interacting terms of the
Hamiltonian:

Ekin = Enon
kin + Eint

kin

EH + Ex → EH + Ex + Eint
c
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FIGURE 3.1: Energy partition scheme in the Kohn-Sham approach

Note that there is an energy term, called correlation energy (Eint
c ) that is ac-

counted for in this approach, but was neglected in the HF method. If we group
all the interacting terms together as

Exc = Ex + Eint
c + Eint

kin = Ex + Ec, (3.5)

then we are left to only deal with a ubiquitous term called exchange-correlation en-
ergy. The terms Eint

kin and Eint
c are put together, since they both account for correlation

effects [30] . The final expression of the Kohn-Sham Hamiltonian is therefore the
following:

E = Enon
kin + Eext + EH + Exc (3.6)

Before we move on, let us discuss briefly the energy terms in the equations above.

Kinetic energy
In the interacting many body system, the kinetic energy term is formally ex-

pressed as:

Ekin = T = −1
2

ˆ
Ψ∗i (r)∇2

i Ψi(r)dr (3.7)

In the non-interacting KS system, however, the kinetic energy can be expressed
as a sum, in terms of the single-particle KS orbitals ϕi :

Enon
kin = −1

2

N

∑
i=1

ϕ∗i (r)∇i
2ϕi(r)

This non-interacting kinetic energy accounts for most of the total kinetic energy,
and the neglected parts are included in the exchange-correlation term, Exc.

Coulomb interaction and the Hartree energy
Standing at the core of the well-known mean field approximation, the Hartree

potential represents the electrostatic interaction between an electron at position r
and the electron density at r′:

UH(r) =
ˆ

ρ (r′)
|r− r′|dr′

This potential can be easily determined in terms of the electron density, through
the Poisson equation:
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∇2UH(r) = −4πρ(r) (3.8)

The Hartree energy can also be expressed as an expectation value, leading to the
familiar (and very much classical) Coulombian electrostatic interaction:

EH [ρ(r)] =
ˆ

UH(r)ρ(r)dr =
1
2

¨
ρ(r)ρ (r′)
|r− r′| drdr′

The issue with this approach is that it describes an electron embedded in the elec-
trostatic field of all electrons, including the reference electron itself. This causes the
emergence of a self interaction which is erronous from a physical perspective. For-
tunately, this self-interaction will be corrected by the exchange energy term, which
we briefly discuss below.

Exchange and correlation energy
The exchange-correlation energy term accounts for all the many-body effects in

the system.
Ex is the exchange energy between electrons with the same spin and it stems

from the Pauli exclusion principle, which in turn implies that the wavefunction is
antisymmetric. The formal mathematical definition of this term is:

Ex =
1
2

N

∑
ij

¨ ϕi,σ(r)∗ϕ∗j,σ (r
′) ϕi,σ (r′) ϕj,σ(r)

|r− r′| drdr′︸ ︷︷ ︸
Jij

(3.9)

It can be proven that the exchange integral Jij is always positive [31]. This leads
to less overlapping of the electronic wavefunctions and less repulsive interactions,
hence the net effect is attractive (suggested by the negative sign in equation 3.9).

Now if we look at the case of two electrons of different spins, they are allowed to
occupy the same orbital. However, they also repel each other because they both have
negative charge. This effect is known as correlation, and it also results in less over-
lapping of electron densities, generating a small attractive energy. This correlation
effect was neglected in the Hartree-Fock method [30].

Now that all the terms implicated in the KS formulation are clear, let us return to
the expression for the energy functional. From the H-K theorems, we know that the
total energy of the system in its ground state is a functional of the density:

E[n] = ⟨Ψ0| H |Ψ0⟩ = ⟨Ψ0|T + W |Ψ0⟩+ ⟨Ψ0| V̂ext |Ψ0⟩

≡ F [n] +
ˆ

drVext(r)n(r)

with

T = −∑
i

1
2
∇2

i , and W =
1
2 ∑

i ̸=j

1∣∣ri − rj
∣∣

(3.10)

where T is the kinetic energy operator, W is the electron-electron interaction op-
erator, Vext describes a local time-independent external potential (like the electron-
ion potential), |Ψ0⟩ is a ground-state many-body wave-function, and n(r) is the cor-
responding density.

However, the functional F[n] is universal, and if we take into account the energy
partition proposed by Kohn and Sham, we can rewrite the total energy as:
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FIGURE 3.2: Schematic representation of the Kohn-Sham ansatz and
its use of the Hohenberg-Kohn theorems. The notation Φ0(r) stands
for the ground state many body wavefunction, n0 represents the
ground state density, while HK0 implies that Hohenberg-Kohn theo-
rems were used for the non-interacting problem. The wavefunctions
denoted by ϕi(r) stand for the fictitious single-particle states (Kohn-
Sham orbitals). The KS double arrow indicates a connection between
the many-body system and the auxiliary independent particle system

proposed by Kohn and Sham (adapted from [32]).

E = F [n((r))] + Eext

=

Universal functional︷ ︸︸ ︷
−∑

i

ˆ
drϕ∗i (r)

∇2

2
ϕi(r)︸ ︷︷ ︸

Kinetic energy (non-int)

+
1
2

¨
drdr′

n(r)n (r′)
|r− r′|︸ ︷︷ ︸

Hartree energy

+ Exc[n]︸ ︷︷ ︸
XC energy

+

ˆ
drn(r)Vext(r)︸ ︷︷ ︸

System dependent Eext

(3.11)
Now what is left is to find the equations that ϕi satisfy and determine the total

energy of the system, E. Since the ground-state density, n0, is precisely the function
that minimizes the total energy, E = F [n] (Hohenberg-Kohn variational principle),
we can write that:

δF [n(r)]
δn

∣∣∣∣
n0

= 0 (3.12)

Applying the variational principle along with the constraint that the fictional
single particle states (a.k.a Kohn-Sham orbitals) are normalized, we arrive at a set of
equations called Kohn–Sham equations :[

−1
2
∇2 + Vext(r) + VH(r) + Vxc(r)

]
ϕi(r) = ε iϕi(r),

where Vxc(r) =
δExc[n]

δn

∣∣∣∣
n(r)

(3.13)
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FIGURE 3.3: Self-consistent cycle of numerical DFT calculations.

and you can find the detailed derivation in A.
Furthermore, now that we concluded rigorously that there must be a functional

Exc [n] which gives the exact ground-state energy and density, the problem remains
to construct useful approximations of Exc [n]. The priority of DFT is, therefore, is to
construct accurate exchange and correlation functionals. Two of the most famous
approximations for the functionals are:

• Local Density Approximation⇒ The exchange–correlation energy is an inte-
gral over all space with the exchange–correlation energy density at each point
assumed to be the same as in a homogeneous electron gas with that density
(its generalization is known as LSDA⇒ local density spin approximation)

• Generalized-gradient approximations ⇒ The LDA fails in situations where
the density undergoes rapid changes. GGA improves this by considering the
gradient of the electron density.

At the end of this discussion, we can also grasp the relevance density func-
tional theory has in computational condensed matter. The method can be imple-
mented as a self-consistent cycle and the better the approximations for the exchange-
correlations functionals are, the more accurate the solution is for the ground state
problem. Following the equations presented in this section, we can summarize the
steps of the cycle as follows (check also Figure 3.3):

1. Specify the nuclear coordinates to calculate Vext
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FIGURE 3.4: Brief hierarchy of transport models.

2. "Guess" a possible electron density

3. Obtain initial estimates for VH and Vxc

4. Numerical solution of the Kohn–Sham equations

5. Repeat until the new density matches the old density within a desired toler-
ance

In order to perform effective electronic structure calculations and ab initio molec-
ular dynamics simulations the framework of DFT, we work with the SIESTA (Spanish
Initiative for Electronic Simulations with Thousands of Atoms) package [33, 34]. It uses
the KS-DFT method, employing the LDA and GGA approximations and also uses
norm-conserving pseudopotentials. The basis set is defined by atomic orbitals, in-
stead of the more commonly used plane waves basis.

3.2 Non-equilibrium Green’s Functions method for Quantum
Transport

3.2.1 Key ideas of NEGF

To understand the fundamentals of nonequilibrium transport in nanoscale systems,
we will outline the approach of Datta [35] , one of the founders of the method. We
begin by studying a simpler system composed of three separated regions: the chan-
nel region, the source and the drain regions. For this isolated device components,
the Schrodinger equations can be written as:


(E− Hℓ + iη)Φℓ = Sℓ for the left isolated source (3.14a)
(E− H)ψ = 0 for the central isolated channel (3.14b)
(E− Hr + iη)Φr = Sr for the right isolated drain (3.14c)

In the system above, iηΦl,r represents the extraction of electrons from the source
(left) and drain (right), while the terms Sl,r stand for the reinjection of electrons from
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external sources. It is also essential to take note of how the term iη transforms the
Hamiltonian into a non-Hermitian operator (η is an infinitesimal term, so our reser-
voir Hamiltonians are only "slightly" non-Hermitian). This is directly related to a
term we call self-energy, which provides, in the context of many body physics, an el-
egant manner to account for more complicated interactions in the quantum system.
We will also point out soon how this is also related to the broadening of the energy
levels in the channel, which in turn gives a finite lifetime for the electrons injected
into it.

When the source and drain are coupled to the central region, one needs to also
account for the coupling (this time Hermitian) Hamiltonian between the contacts
and the central region (which will be denoted by Vl,r) and the scattered waves into
the leads (which we denote by χl,r).


(E− Hℓ + iη) (Φℓ + χℓ)−V†

ℓ ψ = Sℓ (3.15a)
−Vell (Φℓ + χℓ) + (E− H)ψ−Vr (Φr + χr) = 0 (3.15b)
(E− Hr + iη) (Φr + χr)−V†

r ψ = Sr (3.15c)

From equations 3.15a and 3.14a:

(E− Hℓ + iη)Φℓ︸ ︷︷ ︸
=Sℓ

+ (E− Hℓ + iη) χℓ −V†
ℓ ψ = Sℓ, (3.16)

therefore:

χℓ = (E− Hℓ + iη)−1 V†
ℓ ψ ≡ GℓV†

ℓ ψ. (3.17)

We identify

Gℓ(E) = (E− Hℓ + iη)−1 (3.18)

as the Green’s function of the left source. Similarly,

χr = (E− Hr + iη)−1 V†
r ψ ≡ GrV†

r ψ with

Gr(E) = (E− Hr + iη)−1 .
(3.19)

Also, from equation 3.15b, we obtain:

(E− H)ψ−Vℓχℓ −Vrχr = VℓΦℓ + VrΦr. (3.20)

If we substitute 3.17 and 3.19 into 3.20:

(E− H − Σ(E))ψ = S, (3.21)

where we have defined the contact self energy:

Σ(E) = Σℓ(E) + Σr(E)

= VℓGℓ(E)V†
ℓ + VrGr(E)V†

r .
(3.22)

The self energy is not Hermitian, and while the real part of the self energy gives
an energy shift in the eigenvalues of the central region, its imaginary part accounts
for a finite lifetime of the eigenstates. We can therefore define another relevant quan-
tity in the NEGF formalism:
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FIGURE 3.5: The partitioning of a simple prototype of quantum sys-
tem for transport calculations into three regions: left reservoir, chan-
nel, right reservoir. In the lower half of the figure, there is a schematic
representation of the coupling between the reservoir and the channel,
and the broadening of the discrete energy levels into a continous den-

ity of states g(E).

Γl,r = i
(

Σl,r − Σ†
l,r

)
, (3.23)

known as broadening matrix (also referred to as level-width function or scattering
function). The self energy can include all phase-breaking mechanisms, both the ones
coming from interactions and scattering inside the central region and also from the
coupling between the channel and the environment.

The generalization of the density of states for a D-dimensional system can also
be expressed in terms of the Green’s functions, as follows:

gD(E) =
1

πLD Tr[A(E)], (3.24)

where A(E) is the spectral function defined as:

A(E) = i
(

G(E)− G†(E)
)

. (3.25)

In conclusion, the transport problem is partitioned into two components, as illus-
trated in Figure 3.5. The scattering region (channel) is defined by the Hamiltonian
matrix H, while the contacts (source and drain) are included through the self energy
matrices ΣL/ΣR. The channel is regarded as a mesoscopic system, with discrete
energy levels and the contacts work as semi-infinite reservoirs, relatively large com-
pared to the central region. Due to the coupling between the middle region and the
electrodes, the system is regarded as an open and non-equilibrium system.

If we express the equations presented above in matrix form, the Hamiltonian
looks as follows:

H = H0 + V =

 HL 0 0
0 HC 0
0 0 HR

+

 0 VLC 0
VCL 0 VCR

0 VRC 0

 , (3.26)
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where the notations L, C, R stand for the right reservoir, the central region and the
left reservoir respectively. The system Green’s functions can also be expressed in
matrix form

G =

 GL GLC GLR
GCL GC GCR
GRL GRC GR

 , (3.27)

hence we can write:

 E− HL −VLC 0
−VCL E− HC −VCR

0 −VRC E− HR

 GL GLC GLR
GCL GC GCR
GRL GRC GR

 =

 1 0 0
0 1 0
0 0 1

 . (3.28)

Also note that the interaction potentials accounting for the channel-reservoir cou-
pling obey the relations

VCL = V †
LC, VCR = V †

RC. (3.29)

Since there is no coupling between the right and left reservoir, the Green’s func-
tions GRL and GLR are null. Therefore, we can rewrite equations 3.28 : E− HL −V LC 0

−V †
LC E− HC −V †

RC
0 −V RC E− HR

 GL GLC 0
GCL GC GCR

0 GRC GR

 = I, (3.30)

Explicitly, we have the following system to solve:

(E− HL) GLC − V LCGC = 0

−V †
LCGLC + (E− HC) GC − V †

RCGRC = I
−V RCGC + (E− HR) GRC = 0

(3.31)

From first and last equations in 3.31

GLC = gLVLCGC

GRC = gRVRCGC,

where we denote gL,R = [E− HL,R]
−1 as the Green’s functions of the isolated leads.

Combining these results with the second equation in 3.31, we obtain

GC = [E− HC − ΣL − ΣR]
−1 ,

where

ΣL = VCLgLVLC and ΣR = VCRgRVRC

are the lead self energies. Again, keep in mind that, in terms of the Green’s functions,
one can define the spectral function:

A(E) = i
(

G(E)− G†(E)
)
= 2π ∑

n
|Ψn(E)⟩ ⟨Ψn(E)| ,

where {|Ψn(E)⟩} is the complete set of system eigenfunctions. Also, recall the cou-
pling matrices:
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ΓL = i
(

ΣL − Σ†
L

)
and ΓR = i

(
ΣR − Σ†

R

)
.

Scattering states

Let us now calculate the current and transmission through such a system. The
Schrodinger equation in matrix form for the system is [36]: H0

L V LS 0
V †

LC H0
C V †

RC
0 V RC H0

R


 Ψ

(l)
L

Ψ
(l)
C

Ψ
(l)
R

 = E

 Ψ
(l)
L

Ψ
(l)
C

Ψ
(l)
R

 , (3.32)

The wavefunctions in vector form for the left, central and right leads are ΨL, ΨC
and ΨR.

To compute the scattering states from one lead, we consider the orthogonal eigen-
states of the isolated chosen lead and then treat the interaction between the lead and
the device as a perturbation. Consider |Ψ(l)

0 ⟩ to be an orthogonal eigenstate of the
(isolated) left lead, characterized by Hamiltonian H0

L . The propagated state in the
device region is:

|Ψ(l)⟩ = GV |Ψ(l)
0 ⟩+ |Ψ

(l)
0 ⟩ (3.33)

The superscript (l) indicated that the scattering state originates from the left lead.
Also,

|Ψ(l)
0 ⟩ =

 Ψ(l)
0
0
0

 , |Ψ⟩ =

 |ψ
(l)
L ⟩
|ψ(l)

C ⟩
|ψ(l)

R ⟩

 (3.34)

By substituting the matrix form of the Green’s function and the potential, we
obtain:

GV =

 GL GLC 0
GCL GC GCR

0 GRC GR

 0 VLC 0
VCL 0 VCR

0 VRC 0


=

GLCVCL GLVLC GLCVCR
GCVCL GCLVLC + GCRVRC GCVCR

GRCVCL GRVRC GRCVCR

 (3.35)

Hence, the scattering states vector is:

 |ψ
(l)
L ⟩
|ψ(l)

C ⟩
|ψ(l)

R ⟩

 =

GLCVCL GLVLC GLCVCR
GCVCL GCLVLC + GCRVRC GCVCR

GRCVCL GRVRC GRCVCR

 Ψ(l)
0
0
0

 . (3.36)

Finally, by using the Green’s functions, we have arrived at a result that relates
the scattering states in the L,R, C regions to the unperturbed state origibating in the
left lead:
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Quantity Definition Relations

Correlation function Gn = ψψ† Gn = A f
Self energy Σ = VGV† Γ = i

(
Σ− Σ†)

Retarded GF G = (E− H − Σ + iη)−1 -
Advanced GF G = (E− H − Σ− iη)−1

Spectral function A = i
(
G− G†) -

Broadening function Γ = i
(
Σ− Σ†)

Density of states g(E) = 2 ∑k δ (E− Ek) g(E) = 1
π Tr A(E)

Current I = e dGn

dt
2e
h

´ ∞
−∞ Tr

(
ΓRGCΓLG†

C
)

TABLE 3.1: Fundamental quantities in NEGF

|ψ(l)
C ⟩ = GCVCL |Ψ(l)

0 ⟩ ,

|ψ(l)
L ⟩ = (1 + gLVLCGCVCL) |Ψ(l)

0 ⟩

= |ψ(l)
0 ⟩+ gLVLC |ψ(L)

C ⟩ ,

|ψ(l)
R ⟩ = gRVRCGCVCL |Ψ(l)

0 ⟩

= gRVRC |ψ(L)
C ⟩ .

(3.37)

Charge density matrix

Our goal now is to compute the current in the device in the framework of the NEGF
formalism and compare it to the previously obtained result, calculated by means of
the Landauer-Büttiker formalism. One can also define the spectral function in the
following manner:

A = 2π

ˆ
dkδ (E− Ek) |k⟩⟨k| =

= 2πg(E)|k(E)⟩⟨k(E)|,
(3.38)

where g(E) is the density of states.
The charge density matrix is defined as:

ρ = ∑
n

f (n, µ) |ψn⟩ ⟨ψn| , (3.39)

where

f (n, µL) =
1

1 + e(En−µL)/kBT , (3.40)

is the Fermi-Dirac distribution function. The charge density matrix will prove to be
an important quantity in the self consistent cycle of numerical NEGF calculations.
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ρC←L =

ˆ ∞

−∞
dEg(E) f (E, µL) |ΨC⟩ ⟨ΨC|

=

ˆ ∞

−∞
dE f (E, µL)∑

k
g(E)GCV†

CL

∣∣∣ψ(l)
0

〉 〈
ψ
(l)
0

∣∣∣VCLG†
C

=

ˆ ∞

−∞
dE f (E, µL) GCV†

CL

(
∑

c
g(E)

∣∣∣ψ(l)
0

〉 〈
ψ
(l)
0

∣∣∣)VCLG†
C =

=

ˆ ∞

−∞
dE f (E, µL) GCV†

CL
a(l)

2π
VCLG†

C.

(3.41)

We now use the formula for the spectral density of states in the left lead (a(l)) and
the equation for the level-width function

ΓL = i(ΣL − Σ†
L) = i(VCLgLVLC −V†

CLg†
LV†

LC) = iV†
LC(gL − g†

L)VLC

V†
LCa(l)VLC = iV†

LC(gL − g†
L)VLC,

(3.42)

such that:

ρC←L =
1

2π

ˆ ∞

E=−∞
dE f (E, µL) GCΓLG†

C. (3.43)

Therefore, the total density matrix in the non-equilibrium case is a sum over all
the contacts:

ρ = 2× 1
2π

ˆ ∞

E=−∞
dE ∑

s
f (E, µs) GCΓiG†

C. (3.44)

For a two-lead case, it has the form:

ρ = 2× 1
2π

ˆ ∞

E=−∞
dE
[

f (E, µL) GCΓLG†
C + f (E, µR) GCΓRG†

C

]
(3.45)

The spectral function is defined by the sum of contributions arising from all the
leads. Therefore, we can compute the device spectral function from states originat-
ing from the left/right reservoir:

A(L,R)
C = 2π ∑

l

∣∣∣ψ(L)
C,l

〉 〈
ψ
(L)
C,l

∣∣∣
= 2π ∑

l
GCVCL

∣∣∣ψ(l)
0

〉 〈
ψ
(l)
0

∣∣∣VLCG†
C

= GCVCLaLVLCG†
C

= GCΓL,RG†
C

(3.46)

Hence, the non-equilibrium density matrix can also be expressed as:

ρ = 2× 1
2π

ˆ ∞

−∞
dE
[

fL(E)A(L)
C (E) + fR(E)A(R)

C (E)
]

. (3.47)

From equation 3.47, the electron density can be computed:

n(r) = ⟨r|ρ|r⟩ ⇒ diagonal elements of ρ (3.48)
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Along with density functional theory, a self-consistent procedure for determin-
ing the transport properties of a device at finite bias can be formulated [37].

Current and transmission

For this case, we will compute the current following the approach in [38] , using the
continuity equation applied to our two terminal system. When the system reaches
equilibrium, the total probability is conserved, therefore:

0 =
∂

∂t

(
∑

c
|Ψc|2

)
=

∂

∂t

(
∑

c
⟨Ψ|Ψ⟩

)
= ∑

c

∂

∂t
⟨Ψ|c⟩ ⟨c|Ψ⟩

= ∑
c

(
∂⟨Ψ | c⟩

∂t
⟨c | Ψ⟩+ ⟨Ψ | c⟩∂⟨c | Ψ⟩

∂t

)
=

i
h̄ ∑

c
(⟨Ψ|H|c⟩⟨c | Ψ⟩ − ⟨Ψ | c⟩⟨c|H|Ψ⟩)

=
i
h̄
(⟨Ψ|H |ΨC⟩ − ⟨ΨC|H|Ψ⟩)

=
i
h̄

(
⟨Ψ |HC + VLC + VRC|ΨC⟩ −

〈
ΨC

∣∣∣HC + V†
LC + V†

RC

∣∣∣Ψ
〉)

=

=
i
h̄

[⟨ΨL |VLC|ΨC⟩ −
〈

ΨC

∣∣∣V†
LC

∣∣∣ΨL

〉]
︸ ︷︷ ︸

PL→C

+
[
⟨ΨR |VRC|ΨC⟩ −

〈
ΨC

∣∣∣V†
RC

∣∣∣ΨR

〉]
︸ ︷︷ ︸

PR→C

 .

(3.49)
The first square bracket (PL→C) is the probability current from the left contact to

the device and the second bracket (PR→C) is the probability current from the right
contact. Also, note that the sum ∑c runs over all the states in the central device
region. We can generalize equation 3.49 to any contact s and determine the current
by multiplying with the charge −e:

Is = −
ie
h̄

[
⟨Ψs |VsC|ΨC⟩ −

〈
ΨC

∣∣∣V†
sC

∣∣∣Ψs

〉]
. (3.50)

Therefore,

iR←L = − ie
h̄

[
⟨ΨR |VRC|ΨC⟩ −

〈
ΨC

∣∣∣V†
RC

∣∣∣ΨR

〉]
= − ie

h̄

[
g†

RV†
RCG†

CV†
CL ⟨Ψ

(l)
0 |VRCGCVCL |Ψ(l)

0 ⟩ − G†
CV†

CL ⟨Ψ
(l)
0 |V

†
RCgRVRCGCVCL |Ψ(l)

0 ⟩
]

= − ie
h̄

[
⟨Ψ(l)

0 |V
†
CLG†

CV†
RCg†

RVRCGCVCL |Ψ(l)
0 ⟩ − ⟨Ψ

(l)
0 |V

†
CLG†

CV†
RCgRVRCGCVCL |Ψ(l)

0 ⟩
]

= − ie
h̄

[
⟨Ψ(l)

0 |V
†
CLG†

CV†
RC

(
g†

R − gR

)
VRCGCVCL |Ψ(l)

0 ⟩
]

=
e
h̄

[
⟨Ψ(l)

0 |V
†
CLG†

CΓRGCVCL |Ψ(l)
0 ⟩
]

.
(3.51)

If we sum over all the modes, integrate over energy and note that the levels are
filled from the left reservoir with a probability (the Fermi-Dirac distribution), we can
write the current as:
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FIGURE 3.6: Consider the model of a device above. The contact re-
gion (C) is coupled to two semi-infinite electrodes (L,R). In the TranSI-
ESTA package, only a finite section of the system is considered, since
the semi-infinite electrodes would involve infinite Green’s function
matrices. Also, the influence of the semi-infinite leads onto the cen-

tral region is accounted for through the self-energies.

IR←L = 2× e
h̄

ˆ ∞

−∞
dE f (E, µL)∑

n
g(E)

〈
ψ
(l)
0

∣∣∣VLCG†
CΓRGCV†

LC

∣∣∣ψ
(l)
0

〉
=

2e
h̄

ˆ ∞

−∞
dE f (E, µL) ∑

m,n
g(E) ⟨ψ(l)

0 |VLC |m⟩ ⟨m|G†
CΓRGCV†

LC |ψ
(l)
0 ⟩ ,

(3.52)

where we just inserted the identity operator ∑m |m⟩ ⟨m|. In the following, we will
use the identities ⟨ϕ|A|ψ⟩† = ⟨ψ|A†|ϕ⟩ and ⟨ϕ|A†B†|ψ⟩† = ⟨ψ|BA|ϕ⟩ to arrive at the
final result:

IR←L =
2e
h̄

ˆ ∞

−∞
dE f (E, µL)∑

m

〈
m

∣∣∣∣∣G†
CΓRGCV†

LC

(
∑
n

g(E)
∣∣∣ψ(l)

0

〉 〈
ψ
(l)
0

∣∣∣)VLC

∣∣∣∣∣m

〉

=
2e
h̄

ˆ ∞

−∞
dE f (E, µL)∑

m

〈
m
∣∣∣G†

CΓRGCV†
LC

a1

2π
VLC

∣∣∣m
〉
=

=
2e
h

ˆ ∞

−∞
dE f (E, µL)Tr

(
G†

CΓRGCΓL

)
=

2e
h

ˆ ∞

−∞
dE f (E, µL)Tr

(
ΓRGCΓLG†

C

)
.

(3.53)
Hence, the total current in the two-terminal device is:

I =
2e
h

ˆ ∞

E=−∞
dE ( f (E, µL)− f (E, µR))Tr

(
G†

CΓRGCΓL

)
. (3.54)

This also gives us a new and convenient relation for the transmission (at T = 0K)
[36]:

T(E) = Tr
(

tt†
)
= Tr

(
ΓRGCΓLG†

C

)
. (3.55)

3.2.2 Transport simulations with NEGF + DFT

The SIESTA code was extended to out-of-equilibrium systems by combining DFT
with the NEGF formalism [37], in the form of the TranSIESTA package. Through
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FIGURE 3.7: Comparison between DFT andf DFT+NEGF self-
consistency cycles.

this approach, the density matrix is computed with the aid of the Green’s functions
formalism, as indicated in Equations 3.45 and 3.47.

To compute the transport properies of the system partitioned as sugested in fig-
ure 3.6, we are only interested in the finite Hamiltonian for the L− C− R part:

H =

 HL + ΣL VL 0
V†

L HC VR
0 V†

R HR + ΣR

 (3.56)

As we discussed in the previous section, the Hamiltonians in the L, R and C
regions are HL, HR and HC. The interaction between the L− C and R− C regions
are described by VL and VR respectively and the self energies ΣL and ΣR account
for the interaction between the L and R regions to the remaining parts of the semi-
infinite electrodes. Since the electrodes are modeled as semi-infinite bulk, the matrix
of the system Hamiltonian is theoretically infinite. However, we are only interested
in the finite matrix defined in 3.56 and its inverse. The matrix inversion algorithm
is crucial, since the simulation involves large matrices that may induce numerical
issues. The (HL/R + ΣL/R) blocks of the Hamiltonian are computed in a separate
calculation, based on conventional DFT calculations for periodic bulk systems.

In the TranSIESTA module run, the transmission function is computed under
finite bias conditions. The fundamental idea is to calculate the density from the
Green’s function formalism during the self-consistency cycle of a DFT calculation.
The full SIESTA + TranSIESTA run starts from an initial guess for the density in the
scattering region. Subsquently, the Kohn-Sham Hamiltonian in the central region is
built and a density matrix that corresponds to it is determined by means of NEGF. If
the initial and final density matrices differ only by a small margin of error, that is im-
posed a priori, the calculation has converged. Otherwise, the procedure is repeated
until a satisfying result is achieved.The iterative loop can be summarized as follows:

initial n(x)⇒ SIESTA⇒ ϕKS(x)⇒ NEGF⇒ new n(x)︸ ︷︷ ︸
TRANSIESTA package
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A comparison between the DFT and DFT+NEGF approaches is represented in
Figure 3.7.

3.3 Quantum transport with TranSIESTA in 2D systems

	 �� The main results presented in this section were published in [39]

We can illustrate the utility of DFT+NEGF calculations by presenting the results
in [39], where we investigated the properties of phosphorene nanoribbons and the
influence of the substrate onto the transport properties. The motivation of this study
was to build on top of current research that focused on the difficulty of band gap
modulation in freestanding phosphorene nanoribbons, where high in plane electric
field are needed to close the gap. We employed DFT and NEGF with the aid of the
TranSIESTA package, along with some Python librarier that allowed for efficient and
instructive data processing.

In figure 3.8a, we represented the materials of interest: zig-zag phosphorene
nanoribbons (zPNR), hexagonal boron nitride (hBN) nanoribbons and graphene-
hBN-graphene (G-hBN-G) double junction. The heterojuctions have two types of
support layers - either simple hBN nanoribbons or a G-hBN-G double junction. The
goal of stacking phosphorene on top of these two types of substrates is to enhance
its tunability properties. External electric fields can also be applied, either in-plane
(Ex) or perpendicular to the zPNR

(
Ey
)

(see 3.8a).
The first step of the analysis consists of DFT calculations on pristine 2D phos-

phorene and freestanding zPNRs. In this manner, we check the previously obtained
results. The electronic properties of phisphorene are illustrated in Figure 3.8b. In
Figure 3.8b(a), the band structure for bulk 2D phosphorene is represented along a
chosen k-path following the high symmetry points. Notice the direct band gap of
∼ 0.82eV, found at the Γ point (while the bandgap is underestimated compared to its
experimentally determined value, this is expected within the LDA approximation).
The corresponding density of the states associated to the pristine 2D phosphorene is
displayed in 3.8b (b).

In the next parts of the study, we investigated the influence of the support layers
on the electronic and transport properties of zPNRs. We consider the zPNR@hBN
system and analyze the ideal transmission for a series of values for the electric field
and subsequently compare it with the transmission of the freestanding PNR. In Fig-
ure 3.8b, one can see the reduction of the band gap for both systems, as the in-
plane electric field Ex is increased. The main observation is that in the zPNR@hBN
configuration, the band gap is closed at a significantly smaller Ex, in the range of
0.2− 0.3 V/Å. Consequently, there is a sharp increase in the conductance of the het-
erostructure for electric fields below 0.3 V/Å. This is relevant from an experimental
point of view, since the maximum values of the electric fields for which the system
experiences bandgap closure are brought into a feasible range.

In order to gain a better understanding of nanoscale transport in such a 2D struc-
ture, we visualize the atomic currents and bond currents in the system. For this
purpose, we employed a Python package called SISL [40], optimized for the post-
processing of the data obtained through ab-initio calculations. The library was de-
veloped a in order to manipulate and analyze input and output files from the SIESTA
and TRANSIESTA codes. Local currents are highly useful to look into possible cor-
relations between a particular molecular or atomistic property and its role for the
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(A)

(B)

FIGURE 3.8: (A)(a) zig-zag phosphorene nanoribbon (zPNR); (b)
hexagonal boron nitride (hBN) nanoribbon; (c) graphene-hBN-
graphene (G-hBN-G) double junction. (B) (a) Band structure of 2D
phosphorene along Γ−X− S− Γ−Y− S. (b) Density of states (DOS)
of the 2D structure. (c), (d) Transmission functions for various in-
plane electric fields, denoted by Ex. Notice that the energy gap of the
freestanding zPNR is reduced due to the interaction with the support

layer in the ZPNR@hBN structure.

charge transport within the mesoscopic system. For this reason, bond currents are
also referred to as "transmission pathways" [41].

In TBtrans, the orbiltal currents are defined in terms of the spectral density matrix
and they are implemented following the equation:

Jαβ = i
[
HβαAαβ −HαβAβα

]
, (3.57)

where the factor e/h̄ was left out. In order to obtain the bond currents, one simply
sums over all the orbital indices. As a consequence of the continuity equation, a sum
of the bond currents that cross a definite surface separating the originating electrode
from the rest of the device will be equal to the total current [42, 43].

Jνµ = ∑
α∈ν

∑
β∈µ

Jαβ (3.58)

The total bond current acting on an individual atom can be represented in vecto-
rial form:

J⃗ν = ∑
ν ̸=µ

Jνµv⃗νµ

In Figures 3.9 we plot the atomic currents in the freestanding zPNR (Figure 3.9a)
and in the active region of the zPNR@hBN and zPNR@G-hBN-G heterostructures
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FIGURE 3.9: (a), (b), (c) The distribution of atomic currents in free-
standing zPNR, zPNR@hBN and zPNR@G−hBN-G heterostructures.
The value of the electric field is Ex = 0.5 V/Å. (d), (e) The bond cur-
rent distribution for the zPNR@G- hBN-G heterostructure, integrated
over the [0, 1.5]eV interval, for the following values of the electric

field: Ex = 0 and Ex = 0.5 V/Å.

(figures 3.9 b,c). The atomic currents in the case of zero electric field are plotted as
reference, and the dark blue and red markers denote the current difference once an
in plane electric field Ey = 0.5 V/Å is applied along the x-axis. It is worth noting that
the in-plane electric field displaces the charge towards the edges of the structure, and
also enhances the coupling between the two layers. Since hBN is highly insulating,
in the active region most of the current flows through the zPNRs segments. Due to
the electric field, the atomic currents become visible on the underlying layer of hBN.
Bond currents illustrate the flow patterns in the zPNR@G-hBN-G structure more
accurately, as one can see in Figures 3.9d),e).

DFT︸ ︷︷ ︸
SIESTA

⇒ DFT + NEGF︸ ︷︷ ︸
TranSIESTA

⇒ Post-processing︸ ︷︷ ︸
sisl

⇒ Physical insights

3.4 The tight binding formalism

The tight binding model is built upon the assumption that the electron is strongly
bound to the nucleus, such that its wavefunction is localized to a region of small di-
mensions (relative to the inter-nuclear distances). Formally, this implies that the elec-
tronic wavefunction can be expressed as a linear combination of atomic orbitals(LCAO).

In order to outline the theoretical side of the TB formalism, let us begin with the
assumption that, around each lattice site, the Hamiltonian can be approximated by
the Hamiltonian of the localized atom. We call this the atomic Schrodinger equation
[44]:

Hat φj(r) = ε j φj(r), (3.59)
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FIGURE 3.10: (a) Two sites in a chain one-dimensional atomic chain.
The overlap of the wavefunctions allows for tunnelling between the
two potential wells. (b) An ideal 1D chain with a one atom basis in
the tight binding model and intuitive illustrations of the main quan-
tities involved: the hopping energy (t), the on-site energy (εp) and the

overlap matrix (s)

where ε j are the energy eigenvalues and φj(r) are the wavefunctions describing the
well-localized bound levels of the atomic Hamiltonian Hat. The atomic wavefunc-
tions in equation 3.59 are considered to be of negligible amplitude when r is larger
than the lattice constant. To this atomic Hamiltonian, we will add an additional term
that accounts for the periodic potential of the crystal:

H = Hat + ∆U(r), (3.60)

such that the crystal Schrodinger equation is:

HΨ(r) = (Hat + ∆U(r))Ψ(r) = EnΨ(r). (3.61)

Since we are dealing with (ideal) crystalline solids, the electrons are described by
a Bloch function, such that translational symmetry is conserved:

TRΨk(r) = Ψk(r + R) = eik·RΨk(r) (3.62)

where TR is the translation operator along the Bravais lattice vector R and Ψk(r, k)
is the wavefunction for the electron in the crystal.

All this suggests that the solution of the crystal Hamiltonian in equation 3.61 has
the form:

ψ(r) = ∑
R

eik·Rϕ̃(r− R) (3.63)

where the function ϕ̃(r) is not the exact atomic wavefunction ϕ(r), but it can be
expanded in a linear combination of atomic wavefunctions:

ϕ̃(r) = ∑
n

Cnϕn(r) (3.64)

Now we have arrived at the core premise of the TB model, which is that the crys-
tal Bloch wavefunction can be written as a linear combination of the atomic orbitals
[45]:
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FIGURE 3.11: Pictorial display of the splitting of the crystal potential
into the on-site atomic potential and the rest of the periodic potential

Ψk(r) =
1√
N

∑
R

eik·R ∑
n

Cnϕn(r− R)

= ∑
n

Cn
1√
N

∑
R

eik·Rϕn(r− R),
(3.65)

where n indexes the atomic wavefunctions in the unit cell, N is the number of unit
cells and Cn are the complex expansions coefficients.

With the general form of the crystal wavefunction, we focus on solving the fol-
lowing eigenvalue problem:

HΨnk(r) = En(k)Ψnk (3.66)

to determine the bandstructure.
Again, as in equation 3.60, the single particle Hamiltonian of the periodic lattice

structure is expressed as:

H =
p̂2

2m
+ ∑

Rj

Va
(
r− Rj

)
= Hat

(
Rj
)
+ ∑

Rj′ ̸=Rj

Va

(
r− Rj′

)
where we singled out the arbitrarily chosen potential on Rj. The eigenvalue problem
is:

Hat
(

Rj
)
+ ∑

Rj′ ̸=Rj

Va

(
r− Rj′

)∑
n

Cn
1√
N

∑
Rj

eik·Rj ϕn(r− Rj)

= En(k)∑
n

Cn
1√
N

∑
Rj

eik·Rj ϕn(r− Rj)

⇒∑
n

Cn

Hat
(

Rj
)
+ ∑

Rj′ ̸=Rj

Va

(
r− Rj′

)
− En(k)

∑
Rj

eik·Rj ϕn(r− Rj) = 0

(3.67)

To solve this we multiply to the left with e−ikR′j ϕ∗m(r− R′j) and integrate over the
crystal volume. The term

∑
Rj,Rj′

ˆ
d3re−ikR′j ϕ∗m(r− R′j)En(k)eik·Rj ϕn(r− Rj), (3.68)
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leads us to the the overlap matrix element:

Smn(k) = ∑
Rj,Rj′

ˆ
d3reik·(Rj−Rj′)ϕ∗m

(
r− R′j

)
ϕn
(
r− Rj

)
= ∑

R′j

ˆ
d3re−ik·R′j ϕ∗m

(
r− R′j

)
ϕn(r)

= δmn + ∑
R′j ̸=0

e−ik·R′j αmn

(
R′j
)

,

(3.69)

where we set Rj = 0 due to translational invariance. The term αmn is considered
negligible if the overlap between the wavefunctions of neighboring orbitals is not
taken into account.

The Hamiltonian matrix element is (we chose a reference orbital described by the
Bravais vector Rj):

Hmn(k) = ∑
Rj,Rj′

ˆ
d3reik·(R−Rj′)ϕ∗m

(
r− Rj′

) {
Hat

(
Rj
)
+ VRj ̸=R′j

(
r− Rj′

)}
ϕn (r− R)

= Eat
n Smn(k) + ∑

Rj,Rj′

ˆ
d3reik·(Rj−Rj′)ϕ∗m

(
r− Rj′

)
VRj′ ̸=R′j

(
r− Rj′

)
ϕn
(
r− Rj

)
.

(3.70)
Again, we set Rj = 0 and get:

Hmn(k) = Eat
mSmn(k) + ∑

Rj′

ˆ
d3re−ikRj′ϕ∗m

(
r− Rj′

)
VRj′ ̸=0

(
r− Rj′

)
ϕn (r)

= Eat
mSmn(k) +

ˆ
d3rϕ∗m (r)VRj′ ̸=0

(
r− Rj′

)
ϕn (r)︸ ︷︷ ︸

Cmn

+ ∑
Rj′ ̸=0

e−ikRj′
ˆ

d3rϕ∗m
(
r− Rj′

)
VRj′ ̸=0

(
r− Rj′

)
ϕn (r)︸ ︷︷ ︸

tmn

,

(3.71)

where

tmn
(

Rj
)
=

ˆ
d3rϕ∗m

(
r− Rj′

)
VRj′ ̸=0

(
r− Rj′

)
ϕn (r) (3.72)

is the hopping (transfer) integral. This term suggests that, through the interaction
with a nucleus Rj′ ( where Rj′ does not point to the same unit cell where orbital
ϕn (r) is localized), then an electron from orbital ϕn (r) could be transferred to a
neighboring orbital site.

We will mention here the terminology used to classify the Hamiltonian matrix
elements [46, 47, 44]:

• on-site ⇒ the atomic wavefunctions and the potential are all centred on the
same site

• two-centre⇒where a wavefunction and the potential are on the same site and
the other wavefunction is on a different site
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FIGURE 3.12: Representation of two-centre integrals (a) and three
centre integrals in the TB model (∆ is the distantce to a nearest neigh-

bor, while R0 is the atomic site chosen as reference).

• Three-centre⇒ the atomic wavefunctions and the potential are all on different
sites. Therefore, the integral of the form of

´
drϕn

∗ (r− Ri)Hϕm
(
r− Rj

)
in-

volves a product of an atomic wavefunction ϕn
∗ (r− Ri) located on the atom

at position Ri, another atomic wavefunction ϕm
(
r− Rj

)
on the atom at Rj, and

a spherical potential function located on a third atom.

The Secular Equation

The eigenvalue problem in equation 3.66 can be rewritten in the form:

det [Hmn(k)− EkSmn(k)] = 0, (3.73)

where Hmn and Smn are matrix elements of the Hamiltonian and of the overlap
integrals:

Hmn =
1
N ∑

R,R′
eik·(R′−R)tmn

R,R′ tmn
R,R′ = ⟨φm(r− R)| H

∣∣φn
(
r− R′

)〉
Smn =

1
N ∑

R,R′
eik·(R′−R)smn

R,R′ smn
R,R′ =

〈
φm(r− R) | φn

(
r− R′

)〉
,

(3.74)

This is known as the secular equation. To solve the secular equation in Equation
3.73, one needs to evaluate the matrix elements of the Hamiltonian. Basically, the
methods used to obtain these matrix elements and the level of approximation of the
calculation will distinguish between various tight binding approaches. An example
of the TB model applied to a lattice with multiple atoms in the unit cell (the Lieb
lattice) is presented in C.

Application to the 1D chain

Let us write the TB Hamiltonian in a more intuitive form for a simple 1D chain
lattice (one atom per uni cell) with only NN hopping and s-type orbitals only. Indices
m and n are used to denote orbital sites (see figure 3.13). Hence, the hopping integral
is:
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FIGURE 3.13: The TB Hamiltonian for an ideal 1D lattice with a one-
atom basis and the corresponding dispersion relation.

t (Rn − Rm) =


εs n = m
−t n = m± 1
0 otherwise

(3.75)

With the matrix elements defined in the section above, we obtain:

Hn,m = ϵ0δn,m − t (δn+1,m + δn−1,m) ,
with ϵ0 = ϵat + εs.

(3.76)

Hn,m = ⟨n|H |m⟩ = ϵ0δn,m − t (δn+1,m + δn−1,m) (3.77)

If we apply the completeness relations ∑n |n⟩ ⟨n| = I, we get:

H = ∑
n,m
|n⟩ ⟨n|H |m⟩ ⟨m|

= ∑
n,m
⟨n|H |m⟩︸ ︷︷ ︸

ϵ0

|n⟩ ⟨m| δn,m − ⟨n|H |m⟩︸ ︷︷ ︸
t

(δn+1,m + δn−1,m) |n⟩ ⟨m|

= ∑
n

ϵ0 |n⟩ ⟨n| − t ∑
n
(|n + 1⟩ ⟨n|+ |n⟩ ⟨n + 1|)

(3.78)

We will encounter this simple 1D Hamiltonian in section 3.8, where we introduce
a simulation tool based on the tight binding model.

Second quantization formulation

In the second quantization, the Hamiltonian is described in terms of creation and
annihilation operators. Due to Pauli’s exclusion principle, in the case of fermions,
the creation and annihilation operators satisfy the anticommutation rule:{

ĉs, ĉ†
s

}
= ĉs ĉ†

s + ĉ†
s ĉs = 1 (3.79)

If we neglect electron-electron interaction (two-body operators), the Hamiltonian
in the language of the occupation number representation is written as:

Ĥ = ∑
ij
⟨i|H|j⟩ĉ†

i ĉj (3.80)
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Since the term ⟨i|H|j⟩ is associated to the hopping parameter tij, the TB Hamil-
tonian is:

Ĥ = ∑
ij

tij ĉ†
i ĉj (3.81)

A tight binding Hamiltonian that includes the nearest neighbors (NN) as well as
the next-nearest neighbors (NNN) is:

Ĥ = ∑
i

ϵ0ĉ†
i ĉi + ∑

⟨ij⟩
tij ĉ†

i ĉj + ∑
⟨⟨ij⟩⟩

t′ij ĉ
†
i ĉj (3.82)

3.5 The R-matrix method

3.5.1 Introduction to the R-matrix formalism

The R-matrix formalism was initially introduced in the context of nuclear reactions
in the years 1946 and 1947 by Wigner and Eisenbud. In the 1960s, it became appar-
ent that the method could be applied to a wider variety of atomic, molecular and
optical systems, particularly in resonant processes [48]. The core idea of the R ma-
trix formalism is to divide the entire space into multiple subspaces separated by a
boundary, that are generally known as external and internal regions. In each region,
the wavefunction is represented in different manners. While the external region is
considered infinite and the wavefunction is described by asymptotic conditions, the
hamiltonian of the internal region must describe the scattering processes or interac-
tion potentials that encompass the defining features of the physical systems. In this
manner, the formalism gained traction in the field of condensed matter also, since
we can partition a nanostructure into the internal interaction (scattering) region and
the leads with translational symmetry along the transport direction. Through the R
matrix method, the scattering matrix on the system can be expressed in terms of the
eigenfunctions of the Hamiltonian that describes the internal region, as long as the
appropriate boundary conditions are chosen [49].

3.5.2 Theoretical overview and extensions of the formalism

The wavefuntion that describes a state of energy E is a solution of the Schrodinger
equation: [

1
2m∗

P2 + V(r)

]
Ψ(E, r) = EΨ(E, r), (3.83)

where P = −ih̄∇ is the momentum operator, V(r) is the effective potential and m∗

is the effective mass. Consider the system in Figure 3.14 . The potential energy has a
perpendicular component, which we assume to be independent of the z coordinate.
Therefore, we can write the effective potential as:

V(r) = V(z) + V⊥ (r⊥) . (3.84)
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FIGURE 3.14: Scattering region with size 2d sandwiched between two
leads (note that d≪ Lz)

Since the potential is separable, the solution to the Schrodinger equation can be
written as a product of two wavefunctions:

Ψ(s)
ν (r; E) = ϕν (r⊥)ψ(s)(z; ϵ), (3.85)

where E = E⊥ν + ϵ, ν is an index for the energy levels E⊥ and s is the index for the
leads. The functions ϕν and the energies E⊥ are solutions of:[

1
2m∗

P2
⊥ + V⊥ (r⊥)

]
ϕν (r⊥) = E⊥ν ϕν (r⊥) (3.86)

Also, the orthogonality and completeness relations are fulfilled:
ˆ

dr⊥ϕ∗ν (r⊥) ϕν′ (r⊥) = δνν′

∑
ν

ϕ∗ν (r⊥) ϕν

(
r′⊥
)
= δ

(
r⊥ − r′⊥

) (3.87)

Now we will focus on the one dimensional problem (Figure 3.15):[
1

2m∗
P2

z + V(z)− ϵ

]
ψ(s)(z, ϵ) = 0. (3.88)

The wavefunctions are a superposition of the incident waves and the scattered
waves:

ψ(z, ϵ) =

{
A exp [ik1(z + d)] + B exp [−ik1(z + d)] , z ≤ −d
C exp [−ik2(z− d)] + D exp [ik2(z− d)] , z ≥ d

(3.89)

where A, B, C and D are complex coefficients.

A = ψin(ϵ,−d);
B = ψout (ϵ,−d);

C = ψin(ϵ, d);
D = ψout (ϵ, d).

(3.90)

The coefficients corresponding to the outgoing and incoming waves are related
by means of the S matrix (scattering matrix) in the following manner:(

ψout (ϵ,−d)
ψout (ϵ,+d)

)
= S(ϵ)

(
ψin (ϵ,−d)
ψin (ϵ,+d)

)
, (3.91)
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FIGURE 3.15: Schematic representation of a 1D scattering potential,
showing the leads with constant potentials V1,2 and the central region

ranging from (−d, d).

where

S(ϵ) =
(

r t
t r

)
. (3.92)

We can write

[
ψout (ϵ,−d)
ψout (ϵ,+d)

]
=

[
S (ϵ;−d,−d) S (ϵ;−d,+d)
S (ϵ;+d,−d) S (ϵ;+d,+d)

] [
ψin(ϵ,−d)
ψin(ϵ,+d)

]
, (3.93)

where [
S (ϵ;−d,−d) S (ϵ;−d,+d)
S (ϵ;+d,−d) S (ϵ;+d,+d)

]
=

[
S11 S12
S21 S22

]
(3.94)

Therefore, the scattering functions are:

ψ(1)(ϵ, z) =
θ (ϵ−V1)√

2π

{
exp [ik1(z + d)] + S11(ϵ) exp [−ik1(z + d)] , z ≤ −d
S21(ϵ) exp [ik2(z− d)] , z ≥ d

ψ(2)(ϵ, z) =
θ (ϵ−V2)√

2π

{
S12(ϵ) exp [−ik1(z + d)] , z ≤ −d
exp [−ik2(z− d)] + S22(ϵ) exp [ik2(z− d)] , z ≥ d

(3.95)
where the step function is defined in the usual way:

θ (ϵ−Vs) =

{
1, ϵ ≥ Vs
0, ϵ < Vs

, s = 1, 2 (3.96)

Hence, if we have a particle coming from z = −∞, the scattering states are de-
scribed by

ψ(1)(ϵ, z) =
1√
2π

{
exp [ik1(z + d)] + S11(ϵ) exp [−ik1(z + d)] , z ≤ −d
S21(ϵ) exp [ik2(z− d)] , z ≥ d

(3.97)

and if the particle is incident from z = +∞, we have:

ψ(2)(ϵ, z) =
1√
2π

{
S12(ϵ) exp [−ik1(z + d)] , z ≤ −d
exp [−ik2(z− d)] + S22(ϵ) exp [ik2(z− d)] , z ≥ d

(3.98)
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The transmission and reflection coefficients are:

r(1)(ϵ) = S11(ϵ),

t(1)(ϵ) = S21(ϵ),

r(2)(ϵ) = S22(ϵ),

t(2)(ϵ) = S12(ϵ).

(3.99)

Also, we can rewrite the equations above in matrix form:[
ψ(1) (ϵ;−d) ψ(1) (ϵ;+d)
ψ(2) (ϵ;−d) ψ(2) (ϵ;+d)

]
=

1√
2π

[
1 + St(ϵ)

]
(3.100)

where 1 is the unit matrix and St is the transpose of the scattering matrix.
Also, we can write the matrix of the derivatives at the interface

 d
dz ψ(1)(ϵ, z)

∣∣∣
z=−d

d
dz ψ(1)(ϵ, z)

∣∣∣
z=+d

d
dz ψ(2)(ϵ, z)

∣∣∣
z=−d

d
dz ψ(2)(ϵ, z)

∣∣∣
z=+d

 = − i√
2π

2π

d
K(ϵ)

[
1− St(ϵ)

]
(3.101)

where

K(ϵ) =

(
k1

π/2d 0
0 k2

π/2d

)
(3.102)

or
Kss′ =

2d
π

ksδss′

The main idea of the R-matrix formalism is that for an arbitrary potential in the
scattering region, the functions ψ(s)(z, ϵ) have to be expanded into a basis of eigen-
functions of a problem that can be solved. We write the Schrodinger equation in the
interaction region [

− h̄2

2m∗
d2

dz2 + V(z)− ϵl

]
χl(z) = 0 (3.103)

and impose the following boundary conditions:

dχl

dz

∣∣∣∣
z=±d

= 0. (3.104)

χl(z) are known as the Wigner-Eisenbud functions, they are defined only in the
interval z ∈ [−d, d] and verify the orthogonality and completeness conditions:

ˆ d

−d
dzχl(z)χl′(z) = δll′ ,

∑
l

χl(z)χl
(
z′
)
= δ

(
z− z′

)
,

(3.105)

The wavefunctions in the scattering region are expanded in terms of the Wigner-
Eisenbud functions:

ψ(s)(ϵ, z) = ∑
l

a(s)l (ϵ)χl(z), (3.106)
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with the expansion coefficients

a(s)l (ϵ) =

ˆ d

−d
dzχl(z)ψ(s)(ϵ, z). (3.107)

In order to compute the expansion coefficients we multiply equation 3.88 by
χ∗l (z) and equation 3.103 by ψ(s)(ϵ, z) and then integrate the difference between the
two over the interval [−d, d]. We integrate by parts, taking the boundary conditions
into account, and obtain:

a(s)l (ϵ) = − h̄2

2m∗
1

ϵ− ϵl

[
χl(d)

dψ(s)

dz

∣∣∣∣∣
z=+d

− χl(−d)
dψ(s)

dz

∣∣∣∣∣
z=−d

]
. (3.108)

We define now the R-function:

R(ϵ; z, z′) =
h̄2

2m∗
π

2d ∑
l

χl(z)χl (z′)
ϵ− ϵl

, (3.109)

and the R-matrix:

R(ϵ) =
(

R(ϵ;−d,−d) R(ϵ; d,−d)
R(ϵ;−d, d) R(ϵ; d, d)

)
(3.110)

If we insert equation 3.108 into equation 3.106, we obtain the expression for the
scattering functions in the region z ∈ [−d, d]:

ψ(s)(ϵ, z) =
2d
π

[
R(ϵ;−d, z)

∂ψ(s)

∂z

∣∣∣∣∣
z=−d

− R(ϵ; d, z)
∂ψ(s)

∂z

∣∣∣∣∣
z=d

]
. (3.111)

Together with 3.101, we obtain the scattering functions in terms of the R and S
matrices:

ψ(1)(ϵ, z) =
θ (ϵ−V1)√

2π

2d
π
{ik1 [1− S11(ϵ)] R(ϵ;−d, z)− ik2S21(ϵ)R(ϵ; d, z)} ,

ψ(2)(ϵ, z) =
θ (ϵ−V2)√

2π

2d
π
{−ik1S12(ϵ)R(ϵ;−d, z) + ik2 [1− S22(ϵ)] R(ϵ; d, z)}

.

(3.112)

3.5.3 The two-dimensional R-matrix method

The Schrödinger equation that describes the whole system is:(
− h̄

2m∗
∆ + V(r)

)
·Ψ(r; E) = E ·Ψ(r; E) (3.113)

As we discussed in the previous section, the potential in the leads is separable
and can be written as a sum of a longitudinal and transversal part:

Vs(r) = V⊥ (r⊥,s) (3.114)

In the leads, the solution of the Schrodinger equation is a superposition of the
incident and reflected wavefunction:



58 Chapter 3. Methodologies for quantum transport

FIGURE 3.16: The scheme of the device. The surfaces Γ1 and Γ2 sepa-
rate the interaction region Ω0 from the leads 1 and 2.

Ψs (r ∈ Ωs; E) = ∑
i

Ψin
ν · e−ikνzs ·Φν (r⊥,s) + ∑

i
Ψout

ν · eikνzs ·Φν (r⊥,s) , (3.115)

where the longitudinal wave vector is:

kν =

√
2m∗ (E− E⊥ν )

h̄
. (3.116)

The transverse modes are solutions to the following Schrodinger equation:(
− h̄

2m∗
∆ + V⊥,s (r⊥,s)

)
·Φν (r⊥,s) = E⊥ν ·Φν (r⊥,s) (3.117)

In the scattering region, we solve the Wigner-Eisenbud problem(
− h̄

2m∗
∆ + V(r)

)
· χl(r) = ϵl · χl(r), (3.118)

with the same boundary conditions proposed in the first chaper:

∂χl

∂zs

∣∣∣∣
Γs

= 0 (3.119)

We multiply equation 3.113 by χ∗l (z) and equation 3.118 by Ψ(r), then we sub-
stract them and integrate over the scattering region, to obtain:

− h̄
2m∗

˚
Ω0

(△Ψ(r) · χ∗l (r)−△χ∗l (r) ·Ψ(r)) d3r = (E− ϵl)

˚
Ω0

Ψ(r) · χ∗l (r)d3r

(3.120)
We expand the wavefunction in the basis of the Wigner-Eisenbud functions:

Ψ(r) = ∑
l

al · χl(r) (3.121)

Also, we use Green’s identity
ˆ

D
( f ∆g− g∆ f )dV =

ˆ
∂D
( f∇g− g∇ f ) · n · dS (3.122)

and from equation 3.120 it follows that:
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al (E− ϵl) = −
h̄2

2m∗

ˆ
Γ=∑s Γs

nΓ · (χ∗l∇Ψ−Ψ∇χ∗l ) dΓ

= − h̄2

2m∗

ˆ
Γ
(χ∗l · nΓ · ∇Ψ−Ψ · nΓ · ∇χ∗l ) dΓ

= − h̄2

2m∗ ∑
s

ˆ
Γs

(
χ∗l |Γs

∂Ψ
∂zs

∣∣∣∣
Γs

− Ψ|Γs

∂χ∗l
∂zs

∣∣∣∣
Γs

)
dΓs

(3.123)

where nΓ is the normal to the cross-section of the leads.Hence, the expansion coeffi-
cients are:

al (E− ϵl) = −
h̄2

2m∗ ∑
s

ˆ
Γs

(
χ∗l |Γs

∂Ψ
∂zs

∣∣∣∣
Γs

)
dΓs (3.124)

Now we impose the continuity condition of the wavefunction at the boundaries:

Ψ(r)|Γs
= Ψs(r)|Γs

(3.125)

We apply now
´

Γs
ϕi (⃗r⊥,s) dΓs on 3.125. For the left side of the equation we obtain

ˆ
Γs

ϕi (r⊥,s) ·Ψ(r)
∣∣∣∣
Γs

dΓs =

ˆ
Γs

ϕi (r⊥,s) ·∑
l

al · χl(r)

∣∣∣∣∣
Γs

dΓs (3.126)

and using the expression for the expansion coefficients 3.124, we have the fol-
lowing result:

ˆ
Γs

ϕi (r⊥,s) ·Ψ(r)
∣∣∣∣
Γs

dΓs =−
h̄2

2m∗ ∑
l

1
E− ϵl

∑
s′

ˆ
Γs

ϕi (r⊥,s) · χl(r)

∣∣∣∣∣
Γs

dΓs

×
ˆ

Γs′

(
χ∗l ·

∂Ψ
∂zs′

)∣∣∣∣∣
Γs′

dΓs′

(3.127)

For the right hand side of the equation, we have:
ˆ

Γs

ϕi (r⊥,s) ·Ψs(r)
∣∣∣∣
Γs

dΓs =

ˆ
Γs

ϕi (r⊥,s)∑
i′

(
Ψin

ν · ϕi′ (r⊥,s) + Ψout
ν · ϕi′ (r⊥,s)

)
dΓs

(3.128)

⇒
ˆ

Γs

ϕi (r⊥,s) ·Ψs(r)
∣∣∣∣
Γs

dΓs = Ψin
ν + Ψout

ν (3.129)

Now we impose the continuity condition for the derivatives

1
m∗
· ∂Ψ

∂zs

∣∣∣∣
Γs

=
1

m∗
· ∂Ψs

∂zs

∣∣∣∣
Γs

=
1

m∗

(
−i ∑

i′
kν′

(
Ψin

ν′ −Ψout
ν′

)
ϕi′ (r⊥,s)

)
(3.130)

and define the R function as we did in 3.109 :

R
(
r, r′; E

)
= − h̄2

2m∗ ∑
l

χl(r) · χ∗l (r′)
E− ϵl

(3.131)
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and the R-matrix:

Rνν′ =

ˆ
Γs

ˆ
Γs′

ϕi (r⊥,s) · ϕi′ (r⊥,s′) · R
(
r ∈ Γs, r′ ∈ Γs′ ; E

)
dΓs′dΓs (3.132)

We insert equation 3.131 into 3.132 and obtain:

Rνν′ = −
h̄2

2m∗ ∑
l

1
E− ϵl

ˆ
Γs

ϕi (r⊥,s) · χl (r ∈ Γs) dΓs ·
ˆ

Γs′
ϕi′ (r⊥,s) · χ∗l

(
r′ ∈ Γs′

)
dΓs′

(3.133)
If we define

ˆ
Γs

ϕi (r⊥,s) · χl (r ∈ Γs) dΓs = (χl)ν

and
ˆ

Γs′
ϕi′ (r⊥,s) · χ∗l

(
r′ ∈ Γs′

)
dΓs′ = (χl)

∗
ν′ ,

the R-matrix is:

Rνν′ = −
h̄2

2m∗ ∑
l

(χl)ν · (χl)
∗
ν′

E− ϵl
. (3.134)

From the continuity conditions, we get

Ψin
ν + Ψout

ν = −i ∑
ν′

Rνν′ · kν′

(
Ψin

ν′ −Ψout
ν′

)
, (3.135)

and we can rewrite the relation above as:

∑
ν′

Ψin
ν δνν′ + ∑

ν′
Ψout

ν δνν′ = −∑
ν′

iRνν′kν′ ·Ψin
ν′ + ∑

ν′
iRνν′kν′ ·Ψout

ν′

→∑
ν′
(δνν′ − iRνν′kν′) ·Ψout

ν′ = −∑
ν′
(δνν′ + iRνν′kν′) ·Ψin

ν′
(3.136)

Therefore, we obtain a relation between the S and R matrices:

Sνν′ = − (δνν′ − iRνν′kν′)
−1 · (δνν′ + iRνν′kν′) (3.137)

Now we can work with the current scattering matrix:

S̃(E) = K1/2(E)S(E)K−1/2(E), (3.138)

which is unitary:

S̃(E)S̃†(E) = S̃†(E)S̃(ϵ) = 1̂. (3.139)

The transmission is expressed in terms of S̃ :

Tνν′(E) =
∣∣S̃νν′(E)

∣∣2 (3.140)
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FIGURE 3.17: Schematic representation of a two-dimensional device
for transport calculations. The mathematical surfaces that separate
the interior region (scattering region) from the N leads do not neces-

sarily correspond to physical interfaces (adapted from [51]).

3.5.4 The R-matrix method for spin dependent transport

The total state is constructed from direct product:

|Ψ⟩ =
ˆ

d3x (Ψ+(x)|x⟩ ⊗ | ↑⟩+ Ψ−(x)|x⟩ ⊗ | ↓⟩) ≡
(
|Ψ+⟩
|Ψ−⟩

)
To simply the notations, we will write the spinor as:

|Ψ⟩ = ∑
σ

Ψσ(x, y)|σ⟩ = Ψ↑| ↑⟩+ Ψ↓| ↓⟩ (3.141)

To be or not to be Hermitian

Let us focus briefly on the 1D case, where the interaction region is in the finite inter-
val [a, b]. The Schrödinger equation in the whole space is:

HΨ(x) = EΨ(x), where H = − h̄2

2m
d2

dx2 + V(x) −∞ < x < ∞.

However, note that H is not Hermitian in the [a, b] interval, since:
ˆ

dx [Ψ1(x)HΨ2(x)−Ψ2(x)HΨ1(x)]]

= − h̄2

2m
[
Ψ1(x)Ψ′2(x)−Ψ′1(x)Ψ2(x)

]b
a

(3.142)

To avoid the problems arising from the non-Hermiticity of Hamiltonian operator
in the scattering finite region, we will add a boundary surface Bloch operator defined
generally as [50]:

LB =
h̄2

2m

[
δ(x− a)

(
d

dx
− λa

)
− δ(x− b)

(
d

dx
− λb

)]
, (3.143)

where λ depends on the chosen boundary condition for the Wigner-Eisenbud func-
tions: ∂χ1

∂zs

∣∣∣
rs
= λs · χ1|s.
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In this case,

ˆ b

a
dx [Ψ1(x) (H + LB)Ψ2(x)−Ψ2(x) (H + LB)Ψ1(x)]]

= − h̄2

2m

ˆ b

a
dx
[

Ψ1(x)
(

d2

dx2 + LB
)

Ψ2 −Ψ1(x)
(

d2

dx2 + LB
)

Ψ2(x)
]

= − h̄2

2m

ˆ b

a
dx
[

Ψ1(x)
(

d2

dx2

)
Ψ2 −Ψ1(x)

(
d2

dx2

)
Ψ2(x)

]
− h̄2

2m

ˆ b

a
dx
[

Ψ1(x)
(

δ(x− a)
(

d
dx
− λa

)
− δ(x− b)

(
d

dx
− λb

))
Ψ2

]
− h̄2

2m

ˆ b

a
dx
[

Ψ2(x)
(

δ(x− a)
(

d
dx
− λa

)
− δ(x− b)

(
d

dx
− λb

))
Ψ1

]
= − h̄2

2m

[
Ψ1(x)

d
dx

Ψ2(x)−Ψ2(x)
d

dx
Ψ1(x)

]b

a

− h̄2

2m

[
Ψ1(x)δ(x− a)

(
d

dx
+ 1
)

Ψ2(x)−Ψ2(x)δ(x− b)
(

d
dx
− 1
)

Ψ1(x)
]b

a

= − h̄2

2m

[[(
Ψ1(x)

d
dx

Ψ2(x) + Ψ2(x)
d

dx
Ψ1(x)

)]
x=b
−
[(

Ψ2(x)
d

dx
Ψ1(x) + Ψ1(x)

d
dx

Ψ2(x)
)]

x=a

]
= 0,

(3.144)
where we used the well-known property of the delta Dirac distribution:

lim
ϵ→0+

ˆ a0+ϵ

f (r)δ (r− a0)dr = f (a0) , (3.145)

We will see in the following how this procedure is equivalent to rewriting the
Hamiltonian as H̃mn = (Hmn + H∗nm) /2.

Bloch operators

A multi-terminal system, that can be solved with the R-matrix method is displayed
schematically in Figure 3.17. The leads and the scattering region meet at a set of
boundary surfaces that are known as "soft boundaries" (see Figure 3.17), where we
consider Dirichlet or von-Neumann conditions for the WE functions. On the other
hand, the boundaries between the coloured shaded areas and the unshaded regions
are treated as as “hard walls” (infinite potential outside the boundary), so the elec-
tron wave functions are nonzero only in the shaded regions [51]. Note that these
boundaries are mathematical, and they do not necessarily correspond to the physi-
cal setup of the of the multi-terminal system.

The time independent Schrodinger equation for the scattering region is:

HΨ = (T + V + HSO)Ψ = EΨ (3.146)

where T is the kinetic energy operator, V stands for the potential and HSO accounts
for the spin orbit-coupling Hamiltonian. We have discussed how, in a finite region
(e.g. the scattering region), the Hamiltonian is not Hermitian and in order to produce
a Hermitian operator we add toH the Bloch operator LB [52, 48].

First, let us take a closer look at our system Hamiltonian expressed in matrix
form. The kinetic energy term can be written as:
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FIGURE 3.18: The scheme of the device. The surfaces Γ1 and Γ2 sepa-
rate the interaction region Ω0 from the leads 1 and 2.

T = − h̄2

2m
·
[

∂2

∂x2 +
∂2

∂y2

]
· Iσ (3.147)

where Iσ is the identity matrix. For the spin orbit coupling part, we will first consider
a typical Rashba SOI interaction, usually expressed as:

HSO =
α

h̄
(

pyσx − pxσy
)
=

α

h̄

(
−ih̄

∂

∂y
σx + ih̄

∂

∂x
σy

)
= iα

(
∂

∂x
σy −

∂

∂y
σx

) (3.148)

where α is the Rashba coefficient, a material dependent parameter that can also be
controlled by an external electric field. We can also write the Hamiltonian directly
in matrix form, as follows:

H =

(
− h̄2

2m ∆ + V α
h̄

(
ipx + py

)
α
h̄

(
−ipx + py

)
− h̄2

2m ∆ + V

)
=

 − h̄2

2m ∆ + V α
(

∂
∂x − i ∂

∂y

)
α
(
− ∂

∂x − i ∂
∂y

)
− h̄2

2m ∆ + V


(3.149)

Adding the Bloch operators, the Schrodinger equation for the system is:

(T + LT + V + HSO + LSO)Ψ = EΨ + LTΨ + LSOΨ (3.150)

The Wigner-Eisenbud equation, written in the scattering region takes the form:

(T + LT + V + HSO + LSO) χl = ϵlχl , (3.151)

with the boundary conditions:

∂χl

∂xs

∣∣∣∣
Γs

= λΓs · χl |Γs
(3.152)

The Bloch operators LT and LSO in 2D Hilbert space are defined as:

LT =
h̄2

2m ∑
s

δx,xs

(
∂

∂zs
− λΓs

)
· Iσ,

LSO = −i
α

2 ∑
s

ηsδx,xs · σy = −i
α

2 ∑
s

ηsδx,xs ·
(

0 −i
i 0

)
,

(3.153)



64 Chapter 3. Methodologies for quantum transport

where ηs = ⟨x̂s, x̂⟩ is a vector perpendicular to the cross-section of the lead (Γs) and
Iσ is the identity matrix. In our two-terminal 2D example, the two boundaries are
situated at (see Figure 3.18):

x1 = −dx = a,
x2 = +dx = b,

and therefore η1 = −1 and η2 = +1. Hence, the Bloch operator corresponding to the
kinetic energy term is:

LT = +
h̄2

2m

[
(+1) · δ(x− a)

(
− ∂

∂x
− (−λa)

)
+ (+1) · δ(x− b)

(
− ∂

∂x
− (λb)

)]
·
(

1 0
0 1

)
.

(3.154)
The Bloch operator for spin orbit coupling can also be expressed in a different

manner, which will become useful in the future calculations:

LSO = −i
α

2 ∑
s

ηsδ(z− zs)σy = −i
α

2 ∑
s

ηsδ(x− xs) ·
(

0 −i
i 0

)
LSO = −α

2
[(−1) · δ(x− a) + (+1)δ(x− b)] ·

(
0 1
−1 0

)
⇒ LSO = −i

α

2 ∑
s

ηsδ(x− xs)i · (|↓⟩ |↑⟩ − |↑⟩ ⟨↓|)

=
α

2 ∑
s

ηsδ(x− xs) (|↓⟩ |↑⟩ − |↑⟩ ⟨↓|)

(3.155)

where s = 1, 2 and η1 = −1, η2 = +1.
We know that: 

T + LT = T† + L†
T

V = V†

HSO + LSO = H†
SO + LSO†

(3.156)

From equations 3.150 and 3.151, we obtain the following relation:

0 = (E− ϵl) ⟨χl |ψ⟩︸ ︷︷ ︸
al

+ ⟨χl |LTΨ⟩+ ⟨χl |LSOψ⟩ (3.157)

⇒ al(E− ϵl) = − ⟨χl |LTψ⟩ − ⟨χl |LSOψ⟩ (3.158)

Let us now compute the terms on the r.h.s of equation 3.158. First, keep in mind
that the wavefunctions also account for the spin degreee of freedom:

|χl⟩ = ∑
σ

χl,σ(x, y) · |σ⟩

|Ψ⟩ = ∑
σ

Ψσ(x, y) · |σ⟩
(3.159)

Hence, the terms we are interested in are:
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− ⟨χl |LT ψ⟩ = − h̄2

2m ∑
σ
′
σ

∑
s

ˆ
Γs

dΓs ·
[

χ∗l,s
∣∣
Γs

∂ψσ
′

∂zs

]
⟨σ|σ′⟩

= − h̄2

2m ∑
σ

∑
s

ˆ
Γs

dΓs ·
[

χ∗l,s
∣∣
Γs

∂ψσ

∂zs

] (3.160)

− ⟨χl |LSOψ⟩ = −α

2 ∑
s

∑
σ

ˆ
Γs

dΓηsσ χ∗l,−σ

∣∣
Γs

ψσ|Γs
, (3.161)

where we used the following relations:

LSO |ψ⟩ = LSO

(
∑
σ

ψσ |σ⟩
)
∼ −iσy

(
∑
σ

ψσ |σ⟩
)

= ψ↑ |↓⟩ − ψ↓ |↑⟩
⟨χl |LSOΨ⟩ ∼ ⟨χl,↑ |↑⟩ − χl,↓ |↓⟩ |Ψ↑ |↓⟩ −Ψ↓ |↑⟩⟩

= −χ∗l,↑Ψ↓ + χ∗l,↓Ψ↑
= ∑

σ

σ · χ∗l,−σΨσ

(3.162)

where σ = ±1, corresponding to |↑⟩ , |↓⟩. For a detailed derivation of these relations
in the particular cases of Rashba and Dresselhaus SOCs, check Appendix E.

Now we turn our attention to the scattering states, adapted to the spinful case:

Ψs (r ∈ Ωs; E) = ∑
i,σ

Ψin
ν · e−ikνzs ·Φν (r⊥,s) · |σ⟩+∑

i,σ
Ψout

ν · eikνzs ·Φν (r⊥,s) · |σ⟩ (3.163)

At the boundary of the interaction region (zs = 0), the lead wavefunction is:

Ψs (r ∈ Ωs; E)

∣∣∣∣∣
Γs

= ∑
i,σ

Ψin
ν ·Φν (r⊥,s) · |σ⟩+ ∑

i
Ψout

ν ·Φν (r⊥,s) · |σ⟩ (3.164)

and it has to be equal to the wavefunction in the scattering region, expressed as a
linear combination of Wigner-Eisenbud functions:

Ψ (r ∈ Ωs; E)

∣∣∣∣∣
Γs

= ∑
l,σ

al · χl,σ(r)

∣∣∣∣∣
Γs

· |σ⟩ (3.165)

Now we multiply to the left with Φ(r⊥, s) and project the equations in spin space:

⟨σ′ | ⟨Φ(r⊥, s)|Ψs(r)

∣∣∣∣∣
s

= ⟨σ′ | ⟨Φ(r⊥, s)|Ψ(r)

∣∣∣∣∣
s

(3.166)

From this, we obtain:

Ψin
ν + Ψout

ν =

ˆ
Γs

dΓs ·Φi(r⊥,s) ·∑
l,σ

al · χl,σ(r) · ⟨σ
′ |σ⟩

= ∑
l

ˆ
Γs

dΓs ·Φi(r⊥,s) · χl,σ(r) · al ,
(3.167)
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similarly to the approach presented in 3.5.3. Insert the expression for the WE coeffi-
cients derived in equation 3.158 to obtain:

Ψin
ν + Ψout

ν =

ˆ
Γs

dΓs ·Φi(r⊥, s) ·∑
l,σ

χl,σ(r) ·
1

E− ϵl

·

− h̄2

2m ∑
s,σ

ˆ
Γ′s

dΓ′s ·
(

χ∗l,s′
∂Ψσ

′

∂z′s

)∣∣∣∣
Γ′s

− α(x)
2 ∑

s′,σ′

ˆ
Γ

s′
dΓs′ ηs′σ ·

(
χ∗l,−σ′Ψσ′

) ∣∣∣∣∣
Γ′s


(3.168)

The partial derivative and the scattering function at the boundary Γs are:

∂Ψσ
′

∂zs

∣∣∣∣∣
Γs

= −i ∑
i′

kν
′

[
Ψin

ν′ −Ψout
ν′

]
·Φi′

ψσ′

∣∣∣∣∣
Γs

= ∑
i′

[
Ψin

ν′ + Ψout
ν′

]
·Φi′

(3.169)

Replacing 3.169 into 3.168, we get:

Ψin
ν + Ψout

ν = ∑
l

1
E− ϵl

ˆ
Γs

dΓs ·Φi(r⊥,s) · χl,σ

∣∣∣∣∣
Γs

·

[
− h̄2

2m ∑
s′,i′,σ′

ˆ
Γs′

dΓs′ · χ∗l,σ′

∣∣∣∣∣
Γs′

Φi′,σ′(−ikν′)
[
Ψin

ν′ −Ψout
ν′

]
−

α(x)
2 ∑

s′,i′,σ′

ˆ
Γs′

dΓs′ηs′σ
′χl,−σ′

∣∣∣∣∣
Γs′

·Φi′,σ′ ·
[
Ψin

ν′ + Ψout
ν′

] ]
(3.170)

Finally, we can write that:

Ψin
ν + Ψout

ν = −i ∑
ν′

Rνν′kν′

[
Ψin

ν′ −Ψout
ν′

]
+ ∑

ν′

[
Ψin

ν′ + Ψout
ν′

]
Qνν′ , (3.171)

where

Rνν′ = −
h̄2

2m ∑
l

´
Γs

dΓsΦi,σχl,σ

∣∣∣
Γs
·
´

Γs′
dΓs′Φi′,σ′χ

∗
l,σ′

∣∣∣
Γs′

E− ϵl

Qνν′ = −
α(x)

2 ∑
l

´
Γs

dΓsΦi,σχl,σ

∣∣∣
Γs
·
´

Γs′
dΓs′ηs′σ

′ ·Φi′,σ′χ
∗
l,−σ′

∣∣∣
Γs′

E− ϵl

(3.172)

with ν = (s, i, σ). Therefore, equation 3.171 can be written as:

∑
ν′
[δνν′ − ikν′Rνν′ −Qνν′ ]Ψout

ν′ = −∑
ν′
[δνν′ + ikν′Rνν′ −Qνν′ ] , (3.173)

arriving at the formula for the scattering matrix:
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S = −1−Q + iRκ

1−Q− iRκ
= − [1−Q− iRκ]−1 · [1−Q + iRκ] (3.174)

If the SOI is restricted to the scattering region, then Q = 0, so the S-matrix defined
above becomes:

S = −1 + iRκ

1− iRκ
= − [1− iRκ]−1 · [1 + iRκ] (3.175)

S̃ = κ1/2Sκ−1/2 (3.176)

Application of Bloch operators to Rashba and Dresselhaus SOI

Let us now apply the method of Bloch operators for two SOI Hamiltonians that
are prevalent in quantum transport applications: the Rashba and Dressealhaus spin-
orbit coupling.

The Rashba spin orbit interaction is defined as:

HR =
α

h̄
(

pyσx − pxσy
)
=

α

h̄

(
−ih̄

∂

∂y
σx + ih̄

∂

∂x
σy

)
= iα

(
∂

∂x
σy −

∂

∂y
σx

)
,

(3.177)

and in matrix form:

HR =

(
0 ∂

∂x − i ∂
∂y

− ∂
∂x − i ∂

∂y 0

)
(3.178)

The Dresselhaus spin-orbit interaction is:

HD =
β

h̄
(

pxσx − pyσy
)
=

β

h̄

(
−ih̄

∂

∂x
σx + ih̄

∂

∂y
σy

)
= iβ

(
− ∂

∂x
σx +

∂

∂y
σy

) (3.179)

In matrix form, the Hamiltonian is written as:

HD =

(
0 −i ∂

∂x + ∂
∂y

−i ∂
∂x −

∂
∂y 0

)
(3.180)

The Bloch operator is:

LR =
1
2

∂α(x)
∂x

iσy =
1
2

∂α

∂x

(
0 1
−1 0

)
(3.181)

and if we consider that α(x) is a Heavisided function, with a finite value only inside
the scattering region, then:

LR =
α

2
(δ(x− a)− δ(x− b)) iσy = −α

2 ∑
s

ηsδ(x− xs)iσy (3.182)

Let us separate the Rashba Hamiltonian matrix into:
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HR =
α

2

[(
0 ∂

∂x
− ∂

∂x 0

)
+

(
0 −i ∂

∂y
−i ∂

∂y 0

)]
=

α

2
(

Hx
R + Hy

R
)

(3.183)

Let us focus first on Hx
R and prove that is is not Hermitian:

Reminder 2: Adjoint of a linear operator

The linear operator H† associated with H is, in general, defined as:

⟨v|H†|u⟩ = ⟨u|Hv⟩ (3.184)

More explicitly:
⟨v|H†|u⟩ = ⟨u|H†|v⟩∗ , ∀u, v. (3.185)

⟨ϕi|Hx
R − Hx†

R |ϕj⟩ = ⟨ϕi|
∂

∂x
|ϕj⟩ − ⟨ϕj| −

∂

∂x
|ϕi⟩

=

ˆ b

a
dxϕ∗i

∂

∂x
ϕj −

ˆ b

a
dxϕ∗j

(
− ∂

∂x

)
ϕi

=

ˆ b

a
dxϕ∗i

∂

∂x
ϕj −

ˆ b

a
dxϕ∗j

(
− ∂

∂x
ϕ∗i

)
=

ˆ b

a
dx
[

∂

∂x
(
ϕ∗i ϕj

)
− ∂

∂x
ϕ∗i · ϕj

]
+

ˆ b

a
dxϕj

∂

∂x
ϕ∗i

= ϕ∗i ϕj

∣∣∣b
a

(3.186)

From Equation 3.182:

⟨ϕi| LR −L†
R |ϕj⟩ = ⟨ϕi|LR|ϕj⟩ − ⟨ϕj| − LR|ϕi⟩

=
α

2

[
ϕ∗i ϕj

∣∣∣
a
− ϕ∗i ϕj

∣∣∣
b
+ ϕjϕ

∗
i

∣∣∣
a
− ϕjϕ

∗
i

∣∣∣
b

]
= −αϕ∗i ϕj

∣∣∣b
a

(3.187)

Notice that:

HR −H†
R + LR −L†

R = 0 (3.188)

We follow the same procedure for the Dresselhaus SOI, focusing on the non-
Hermitian part of the Hamiltonian:

Hx
D =

(
0 −i ∂

∂x
−i ∂

∂x 0

)
(3.189)

In a similar manner, we show that:

⟨ϕi|Hx
D − Hx†

D |ϕj⟩ = ⟨ϕi| − i
∂

∂x
|ϕj⟩ − ⟨ϕj|+ i

∂

∂x
|ϕi⟩

= −i
ˆ b

a
dxϕ∗i

∂

∂x
ϕj − i

ˆ b

a
dxϕj

(
∂

∂x
ϕ∗i

)
= −iϕ∗i ϕj

∣∣∣b
a

(3.190)

The Bloch operator for the Dresselhaus SOC is defined in the same way:
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LD = −β

2
(δ(x− a)− δ(x− b)) iσx =

β

2 ∑
s

ηsδ(x− xs)iσx, (3.191)

and we can prove that:

⟨ϕi| LD −L†
D |ϕi⟩ = ⟨ϕi|LD|ϕj⟩ − ⟨ϕj|LD|ϕi⟩

= −i
β

2

[
ϕ∗i ϕj

∣∣∣b
a
− ϕ∗i ϕj

∣∣∣
b
+ ϕiϕ

∗
j

∣∣∣
a
− ϕiϕ

∗
j

∣∣∣
b

]
= +iβϕ∗i ϕj

∣∣∣b
a

(3.192)

Similarly, we proved that:

HD −H†
D + LD −L†

D = 0 (3.193)

To summarize, we proved that:

LR −L†
R =

(
0 L
−L 0

)
−
(

0 −L
L 0

)
= 2

(
0 L
−L 0

)
= 2LR (3.194)

and

LD −L†
D =

(
0 iL
iL 0

)
−
(

0 −iL
−iL 0

)
= 2

(
0 iL
iL 0

)
= 2LD,

where L = ⟨ϕ1| LD,R |ϕ2⟩.
Also,

H−H† + L−L† = 0

⇒ H+ L =
H+H†

2

(3.195)

Observation 1: Hermitian operator

Adding a Bloch operator to a non-Hermitian Hamiltonian is equivalent to:

H−H† + L−L† = 0⇒ H+ L =
H+H†

2
, (3.196)

which automatically creates a Hermitian operator.

3.5.5 Implementation and numerical simulations

Following the overview of the R-matrix formalism, it became clear that computing
the R-matrix requires first solving the Wigner-Eisenbud problem. Numerically, this
involves solving the eigenvalue problem:

Hχl = ϵlχl, (3.197)

with the appropriate boundary conditions:

∂χl

∂zs

∣∣∣∣
Γs

= 0
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FIGURE 3.19: Brief workflow of how the R matrix code is built

Basically, we need to diagonalize the Hamiltonian matrix and to do that first we
have to write the Wigner-Eisenbud functions χl in a basis that obeys the costraints
imposed by the specified boundary conditions. The systems discussed in this thesis
are two-dimensional, so we will exemplify the choice of basis functions for a 2D case.

Assuming we choose the coordinates x and y to represent the 2D scattering re-
gion, we then associate with it a 2D grid indexed by integers (i, j). The potential is
separable, therefore our basis functions can be expressed as a product between their
x and y components:

um(x, y) = ui
x(x) · uj

y(y), with m ≡ (i, j), (3.198)

where

ui
x(x) =


1√
2dx

, i = 0
1√
dx

cos
(

i · π
2dx

(x + dx)
)

, 1 ≤ i ≤ Nbx − 1

uj
y(y) = 1√

dy
sin
(
(j + 1) π

2dy

(
y + dy

))
, 0 ≤ j ≤ Nby − 1.

(3.199)

The number of basis elements is determined by Nbx and Nby . Equation 3.199 is
a Fourier basis written in discretized form. This is an orthonormal basis and it also
satisfies the boundary conditions which impose that the derivative must be zero at
the boundary between the scattering region and the leads.

The Hamiltonian matrix elements are :

Hmm′ = ⟨um|H |um′⟩ (3.200)

If we account for the spin, the Hilbert space is doubled and we express the Hamil-
tonian in a block matrix form, as we have also evidenced in the previous section:

H =

(
⟨↑ |H| ↑⟩ ⟨↑ |H| ↓⟩
⟨↓ |H| ↑⟩ ⟨↓ |H| ↓⟩

)
(3.201)
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In order to implement the diagonalization procedure, we employed the LAPACK
library [53]. Three diagonalization subroutines can be used:

• DSYEV computes all eigenvalues and, optionally, eigenvectors of a real sym-
metric matrix A.

• ZHEEV computes all eigenvalues and, optionally, eigenvectors of a complex
Hermitian matrix A.

We chose the ZHEEV subroutine, since we are dealing with complet but Hermi-
tian matrices.

3.6 The exact diagonalization method

The non-interacting one-body Hamiltonian for an electron in a two-dimensional con-
finement potential V(r) is:

H0 = − h̄2

2m∗

(
∂2

∂x2 +
∂2

∂y2

)
+ V (r) , (3.202)

where m∗ is the effective mass and r ≡ (x, y) is the position vector in two-dimensions.
The N-particle Hamiltonian is written as a sum of the single particle operators

and the two-body operator, which describes the Coulomb interaction:

H =
N

∑
i=1

Hi +
1
2 ∑

i
∑

j
Vij, (3.203)

where

Hi = H0 (ri) ,

Vij = VC
(
ri, rj

)
=

e2

4πϵ0ϵr

1∣∣ri − rj
∣∣ . (3.204)

The Hamiltonian in the second quantization becomes:

H = H0 +Hint = ∑
a

ϵac†
aca +

1
2 ∑

abcd
Vabcdc†

ac†
bcdcc (3.205)

The matrix elements of the Coulomb potential are calculated in terms of the
single-particle eigenfunctions

Vabcd =
〈
ϕa(r)ϕb

(
r′
) ∣∣VC

(
r− r′

)∣∣ ϕc(r)ϕd
(
r′
)〉

, (3.206)

which can be explicitly written as:

Vabcd =

ˆ
dr
ˆ

dr′ ∑
σz,σ′z

ϕ∗a,σz
(r)ϕ∗b,σ′z

(
r′
)

× e2

4πϵ0ϵr

1
|r− r′|ϕc,σz(r)ϕd,σ′z

(
r′
)

.

(3.207)

Having determined the matrix elements Vabcd, one may proceed with the diago-
nalization of the N-particle Hamiltonian [54]:

HΨn = EnΨn, (3.208)
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FIGURE 3.20: Workflow of the exact diagonalization numerical im-
plementation

where En and Ψn ≡ Ψn (r1, σz1, . . . , rN, σzN) are the eigenvalues and eigenfunctions
of the many-body system.

3.6.1 Numerical implementation

The exact diagonalization method relies on the fact that if we define a finite basis
of many-particle states of dimension D = NMES, then we can compute the matrix
elements of the Hamiltonian of the system Hij = ⟨ψi|H |ψj⟩.

The first step is the diagonlization of the single particle HamiltonianH0, so for a
finite system we define a two-dimensional basis which also accounts for the spin:

|ϕk⟩ = ∑
σz

N2
b

∑
k

∣∣U xy
k

〉
⊗ |σz⟩ ,

U (xy)
k = ui(x)× uj(y),

(3.209)

where ui(x) =
√

2
L sin

(
i π

L

(
x + L

2

))
and k = (i, j). The number of basis elements

along the two spatial directions is Nb = Nbx = Nby and the total basis size is 2× N2
b .

The single particle eigenvalue problem to solve is

H0Φa(x, y) = ϵaΦa(x, y) (3.210)

and to this end we evaluate the matrix elements
〈

φkσz |H0| φk′σ′z

〉
on a real space grid

with Nx×Ny points. The eigenfunctions are used to calculate the matrix elements of
the Coulomb potential Vabcd, which is one of the most computationally demanding
part. For this reason, we select a small number of single electron states NSES which
in turn define the dimension of the N-particle basis NMES = CN

NSES
.

After the single-particle Hamiltonian is diagonalized and we have the pairs of
eigenvalues end eigefunctions {ϵa; Φa}, then we consider that the many-body Hilbert
space is spanned by the Fock states built from the previously selected single-particle
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states. In the occupation number representation, any Fock state can be formally
written as a sequence of particle numbers occupying a certain state:

|ψk⟩ = |n
(k)
1 n(k)

2 ...n(k)
s ...⟩ (3.211)

3.7 Wavefunction matching

Wave function matching (WFM) is an intuitive and transparent technique in trans-
port, that can be explained with fundamental quantum mechanical concepts. It was
introduced by Ando in 1991 [55], in order to perform efficient numerical transport
calculations in ballistic mesoscopic strictures. The WFM method aids directly with
the calculation of transmission and reflection coefficients for any nano-system that
can be represented through an appropriate tight binding Hamiltonian. As the name
directly suggests, this method is based on the matching of the wave function in the
scattering region with the wave functions in the leads, also known as Bloch modes
[56, 57]. This is rooted in a fundamental tenet of quantum mechanics, namely the
continuity of the wavefunctions and their first order derivatives at the potential
boundary.

In this section, we will briefly explain the WFM method for the simple case of
a 1D wire with a scattering region and two terminals, following the reasoning pre-
sented in [57, 58]. Through this approach, we also highlight the relation between the
WFM method and the tight binding and NEGF formalisms discusses in the previous
sections.

The first step is to discretize the Schrodinger equation by approximating the sec-
ond derivative with a finite difference expression:

f ′′(x) ≈
f (x+h)− f (x)

h − f (x)− f (x−h)
h

h
=

f (x + h)− 2 f (x) + f (x− h)
h2 . (3.212)

The physical meaning behind this well known mathematical approximation shall
become more transparent in the next section. Using the formula above, one can
express the eigenvalue problem in the following manner:

− h̄2

2m

{
(ψi+1 − 2ψi + ψi−1)

(δx)2

}
+ Viψi = Eψi, (3.213)

where δx = xi+1 − xi (the distance between the equidistant points on the grid).
Due to the translational invariance along the transport direction, the solutions in

the leads are plane waves indexed by the wavevectors kL and kR:

kL =

√
2m (E−VL)

h̄
; kR =

√
2m (E−VR)

h̄
. (3.214)

At point i = 0, the discretized Schrodinger equation is:

Eψ0 +
h̄2

2m(δx)2 {ψ1 − 2ψ0 + ψ−1} −V0ψ0 = 0 (3.215)

The general form of the wave function is:

ψ(x) = AeikLx + Be−ikLx, (3.216)
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FIGURE 3.21: Pictorial representation of a two terminal 2D system.,
partitioned into a scattering region (S) centered between left and right
leads. The semi-infinite leads are modeled with an effective finite
Hamiltonian, by adding self-energy terms in the right and left termi-

nals (adapted from [57]).

capturing the suerposition between the incoming states in the left lead and the
reflected ones. Again, we highlight the form of the wavefunction at x = 0:

ψ(0) = ψ0 = A + B (3.217)

Also, we require the wavefunction at point i = −1:

ψ−1 = Ae−ikLδx + BeikLδx

= Ae−ikLδx + (ψ0 − A) eikLδx,
(3.218)

where we used equation 3.217 to replace coefficient B. Therefore, we can rewrite the
Schrodinger equation 3.215 as:

Eψ0 +
h̄2

2m(δx)2

{
ψ1 − 2ψ0 + Ae−ikLδx + (ψ0 − A) eikLδx

}
−V0ψ0 = 0

⇒Eψ0 +
h̄2

2m(δx)2

{
ψ1 − 2ψ0 + eikLδxψ0

}
−V0ψ0 =

h̄2

2m(δx)2 A
{

eikLδx − e−ikLδx
}

︸ ︷︷ ︸
source term

,

(3.219)
We employ a similar approach for the right interface between the scattering re-

gion and the semi-infinite lead:

EψN+1 +
h̄2

2m(δx)2 {ψN+2 − 2ψN+1 + ψN} −VN+1ψN+1 = 0 (3.220)

We assume that in the right lead there is no incoming wave, so we only account
for the transmitted wave (see Figure 3.22):

ψN+2 = CeikR(N+2)δx = ψN+1eikRδx (3.221)

For the right boundary, we obtain

EψN+1 +
h̄2

2m(δx)2

{
ψN+1eikRδx − 2ψN+1 + ψN

}
−VN+1ψN+1 = 0 (3.222)
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FIGURE 3.22: Discretization of a 1D potential barrier, where the
shaded regions represent the boundaries between the leads and the

scattering region.

For the grid points indexed with i = 1, ..., N, we use equation 3.213. To account
for the boundaries, we use equations 3.219 and 3.222. The entire scattering problem
can be written in matrix form as:

(EI−H)ψ = q. (3.223)

In the matrix equation above, E are the energy eigenvalues of the system, I is the
identity matrix, ψ is a column vector with all the coefficients of the wavefunctions
and q is the source vector of dimension N + 2. The only nonzero element of the
source vector is the first one, given in equation 3.219.
H is the tridiagonal Hamiltonian matrix of dimensions (N + 2)× (N + 2). Most

of its elements are identical to the ones given by the finite difference Hamiltonian in
the discretized Schrodinger equation, with the exception of the first and last diagonal
elements:

Hi,i+1 = Hi,i−1 = − h̄2

2mδx2 0<i<N+1

Hi,i = −
h̄2

mδx2 + Vi

H0,0 = − h̄2

mδx2 + V0 −
h̄2

2m(δx)2 eikLδx,

HN+1,N+1 = − h̄2

m∆2 + VN+1 −
h̄2

2m(δx)2 eikRδx,

(3.224)

The last two terms in the set above are modified from the finite difference version
with the following quantities:

ΣL(E) = − h̄2

2m(δx)2 eikLδx

ΣR(E) = − h̄2

2m(δx)2 eikRδx

(3.225)

These are the self energies of the left/right leads that we introduced in section
3.2.



76 Chapter 3. Methodologies for quantum transport

FIGURE 3.23: Representation of a 1D atomic chain and the potential
along the structure (adapted from [58, 57]).

The transmission amplitude is given by the wavefunction on the right side of
the barrier, normalized to the amplitude of the incoming wave. The wavefunctions
are also normalized to the velocities, to obtain a unitary scattering matrix, so the
transmission coefficient is:

t =
√

vR

vL

ψN+1

A
. (3.226)

The reflection amplitude is similarly determined from the wavefunction on the
left side minus the incoming wave (also normalized to the amplitude of the incoming
wave):

r =
ψ0 − A

A
(3.227)

Tight binding formulation

In section 3.4, we introduced the secular equation 3.73 of a tight binding model.
Let us focus on a simple 1D chain, schematically represented in 3.23, in order to high-
light the relation between the TB approach and WFM method. If we consider only
nearest neighbors hopping and assume, for simplicity, that the hopping parameter
is real, the Hamiltonian is:

H =
∞

∑
i=−∞

ε i|i⟩⟨i|+
∞

∑
i=−∞

ti,i+1(|i⟩⟨i + 1|+ |i + 1⟩⟨i|), (3.228)

Considering that {|i⟩} form a complete basis for the tight binding system, the
wave function can be written as:

|Ψ⟩ = ∑
i
|i⟩⟨i | Ψ⟩ = ∑

i
ci|i⟩,

where ci = ⟨i | Ψ⟩. The Schrodinger equation is:

∞

∑
i=−∞

(ε i − E)ci|i⟩+
∞

∑
i=−∞

ti,i+1ci+1|i⟩+
∞

∑
i=−∞

ti−1,ici|i⟩ = 0 (3.229)



3.7. Wavefunction matching 77

Assuming that the atomic wavefunctions are orthogonal, notice that we can rewrite
the Schrodinger equation in matrix form and work with the secular equation 3.73,
introduced in section 3.4:

(EI−H)Ψ = 0 (3.230)

The Hamiltonian operator is:

H =



. . . · · · 0 0
... ϵi−1 ti−1 0 0
0 ti−1 ϵi ti 0

0 0 ti ϵi+1
...

0 0 · · · . . .


(3.231)

and the secular equation implies solving:

. . . · · · 0 0
... E− ϵi−1 ti−1 0 0
0 ti−1 E− ϵi ti 0

0 0 ti E− ϵi+1
...

0 0 · · · . . .


·



...
ci−1
ci

ci+1
...

 = 0 (3.232)

Equation 3.232 can be written explicitly, component by component:

−ti−1ci−1 + (E− ϵi) ci − tici+1 = 0 (3.233)

If we compare this with our results for the WFM method in 1D, in Equation 3.224,
we can identify the following correspondence between the terms involved:

ci → ψi ⇒ wave function amplitudes

ϵi → −
h̄2

m(δx)2 + Vi ⇒ on-site energy

ti → −
h̄2

2m(δx)2 ⇒ hopping energy term

(3.234)

As a consequence of translational invariance, the wavefunctions in consecutive
cells of the periodic 1D chain are related by a constant phase factor. Therefore, if
ci−1 = c then ci = λc and ci+1 = λ2c. Rewriting equation 3.233, we get:

−t + (E− ε)λ− tλ2 = 0,

⇒ λ =
E− ε

2t
±
[(

E− ε

2t

)2

− 1

] 1
2

.
(3.235)

For
∣∣ E−ε

2t

∣∣ ≤ 1, we can define a wave number k:

cos(ka) =
E− ε

2t
, (3.236)

which leads to
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λ± = cos(ka)±
[
cos2(ka)− 1

]1/2

⇒ λ± = e±ika,
(3.237)

However, there is one more case to be discussed, namely
∣∣ E−ε

2t

∣∣ > 1, when we
define κ by

cosh(κa) =
∣∣∣∣E− h

2β

∣∣∣∣ ,

⇒ λ± = +e∓κa if
E− ε

2t
> 1;

λ± = −e∓κa if
E− ε

2t
< −1.

(3.238)

These are known as evanescent modes, which describe waves that are decaying
away from the scattering region, either to the left or to the right. While these states
do not contribute to transport and have no effect on the transmission function, they
need to be accounted for in order to form a complete basis and properly match de
wavefunctions at the interfaces [59, 57]. Also, note that the WFM method can also
be translated into Green’s functions formalism [59, 60]. As pointed out in [60], the
retarded Green function, that we intoduced in 3.2, consists of propagating waves
that move outwards from the source and/or evanescent states that decay away from
the source.

3.8 Numerical simulations with KWANT

Kwant is an open source Python library tailored for quantum transport calculations
based on the tight binding model and the wavefunction matching method [61].
While the Kwant package is highly versatile, with a user-friendly and transparent
syntax, it did not compromise on computational efficiency, competing even with C-
based codes written for transport. While this Python package is also suited for per-
forming simulations on finite systems, its main functionality is to compute transport
based quantities in device set-ups that we have encountered already in this thesis,
namely systems partitioned into three parts – the left and right semi-infinite leads
and the central scattering region.

The Hamiltonians that can be implemented in Kwant are varied, ranging from
the simplest 1D atomic chains to more exotic topological Hamiltonians [62, 63, 64,
65], superconductors [66, 67] or systems that exhibit Majorana states [68, 69]. While
outside of the scope of this thesis, it’s worth mentioning that the Kwant developers
also implemented its time dependent counterpart, TKwant [70], which expands even
further the capabilities of the Python-based package.

In this section, we shall present the basics of the discretization approach of Kwant,
along with an explicit example of the discretization of a more exotic Hamiltonian,
namely the BHZ Hamiltonian that describes TIs.

3.8.1 General remarks

In order to exemplify the manner in which Kwant approaches the discretization, we
shall consider a 2D system which can be described by the Schrodinger equation:

H = − h̄2

2m

(
∂2

x + ∂2
y

)
+ V(y), (3.239)
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where V(x, y) is a confining potential. From a physical point of view, the dicretiza-
tion of the Hamiltonian implies rewriting it in a tight binding form. The chosen
quantum system can be modeled by a 2D lattice, where each lattice site is indexed
by a set of discrete coordinates (i, j). Hence,

|x, y⟩ →
∣∣xi, yj

〉
= |i · a, j · a⟩ ≡ |i, j⟩ ,

V(x, y)→ V
(
xi, yj

)
= V (a · i, a · j) ≡ V (i, j) ,

(3.240)

where i, j stand for the site index (grid points) along directions x, y and a is the lattice
constant. Now to proceed with the discretization of the momentum operators, we
remember the finite difference formulas for the first and second order derivatives:

∂x f (xn, yn) ≈
f (xn + d)− f (xn − d)

2a

∂2
x f (xn, yn) ≈

f (xn + d) + f (xn − d)− 2 f (xn)

a2

(3.241)

Expressing the formulas above in terms of the positional states ⟨i, j|, we obtain:

∂x ≡
1
2a ∑

i,j
[|i + 1, j⟩ ⟨i, j| − |i− 1, j⟩ ⟨i, j|] . (3.242)

for the first order derivative and

∂2
x ≡

1
a2 ∑

i,j
[|i + 1, j⟩ ⟨i, j|+ |i− 1, j⟩ ⟨i, j| − 2 |i, j⟩ ⟨i, j|] ,

≡ 1
a2 ∑

i,j
[|i + 1, j⟩ ⟨i, j|+ |i, j⟩ ⟨i + 1, j| − 2 |i, j⟩ ⟨i, j|]

(3.243)

for the second order derivative. All that is left now is to substitute the expressions
above into Equation 3.239:

H = ∑
i,j
[(V(ai, aj)+4t)|i, j⟩⟨i, j| − t(|i + 1, j⟩⟨i, j|+ |i, j⟩⟨i + 1, j|

+|i, j + 1⟩⟨i, j|+ |i, j⟩⟨i, j + 1|)]
(3.244)

Taking note of the similarity between the Hamiltonian derived above and the TB
Hamltonian introduced in Equation 3.78 (albeit for a 1D case), one can easily identify
that

t =
h̄2

2ma2 . (3.245)

holds the meaning of a hopping parameter.

3.8.2 Discretization of the BHZ Hamiltonian

The BHZ Hamiltonian was introduced in section 2.3.3 as:

HBHZ = σ0 ⊗ σ0ϵ(k) + σ0 ⊗ σz M(k) + σz ⊗ σx Akx − σ0 ⊗ σy Aky, (3.246)

where
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ϵ(k) = C− D
(

k2
x + k2

y

)
,

M(k) = M− B
(

k2
x + k2

y

)
.

In order to discretize it, we have to substitute the first and second order deriva-
tives:

ki → −i∂i

k2
i → −∂2

i .

The first term in the Hamiltonian is:

σ0 ⊗ σ0ϵ(k) = σ0 ⊗ σ0

(
C− D

(
k2

x + k2
y

))
= σ0 ⊗ σ0

(
C + D

1
a2 (|i + 1, j⟩ ⟨i, j|+ |i− 1, j⟩ ⟨i, j| − 4 |i, j⟩ ⟨i, j|+ |i, j + 1⟩ ⟨i, j|+ |i, j− 1⟩ ⟨i, j|)

)
= σ0 ⊗ σ0

(
C− 4D

a2

)
|i, j⟩ ⟨i, j|+ σ0 ⊗ σ0

D
a2 (|i + 1, j⟩ ⟨i, j|+ |i− 1, j⟩ ⟨i, j|) +

+ σ0 ⊗ σ0
D
a2 (|i, j + 1⟩ ⟨i, j|+ |i, j− 1⟩ ⟨i, j|)

(3.247)
Similarly,

σ0 ⊗ σzϵ(k) = σ0 ⊗ σz

(
M− B

(
k2

x + k2
y

))
= σ0 ⊗ σz

(
M− 4B

a2

)
|i, j⟩ ⟨i, j|+ σ0 ⊗ σz

B
a2 (|i + 1, j⟩ ⟨i, j|+ |i− 1, j⟩ ⟨i, j|) +

+ σ0 ⊗ σz
B
a2 (|i, j + 1⟩ ⟨i, j|+ |i, j− 1⟩ ⟨i, j|)

(3.248)
The last two terms can be rewritten as:

σz ⊗ σx Akx = −iσz ⊗ σx A∂x

= −iσz ⊗ σx A
1
2a

(|i + 1, j⟩ ⟨i, j| − |i− 1, j⟩ ⟨i, j|)
(3.249)

and

σ0 ⊗ σy Aky = −iσ0 ⊗ σy A∂y

= −iσ0 ⊗ σy A
1
2a

(|i, j + 1⟩ ⟨i, j| − |i, j− 1⟩ ⟨i, j|) .
(3.250)

To summarize, we have three types of terms that emerge in the discretized form
of the Hamiltonian:

• Onsite terms:

∑
i,j

[
σ0 ⊗ σ0

(
C− 4D

a2

)
+ σ0 ⊗ σz

(
M− 4B

a2

)]
|i, j⟩ ⟨i, j| (3.251)

• Hopping in the x direction:
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∑
i,j

[
σ0 ⊗ σ0

D
a2 + σ0 ⊗ σz

B
a2 − iσz ⊗ σx

A
2a

]
|i + 1, j⟩ ⟨i, j|+ h.c. (3.252)

• Hopping in the y direction:

∑
i,j

[
σ0 ⊗ σ0

D
a2 + σ0 ⊗ σz

B
a2 + iσ0 ⊗ σy

A
2a

]
|i, j + 1⟩ ⟨i, j|+ h.c. (3.253)

In second quantization formalism, the BHZ Hamiltonian can be written as [23]:

HTB
BHZ = ∑

i,j
c†

i,jci,jV̂ + ∑
i,j

c†
i+1,jci,jT̂x + ∑

i,j
c†

i,j+1ci,jT̂y + h.c. (3.254)

where,

V̂ =

(
C− 4D

a2

)
σ0 ⊗ σ0︸ ︷︷ ︸
I4×4

+

(
M− 4B

a2

)
σz ⊗ σ0 on-site term

T̂x =


D
a2 +

B
a2 − iA

2a 0 0
− iA

2a
D
a2 − B

a2 0 0
0 0 D

a2 +
B
a2

iA
2a

0 0 iA
2a

D
a2 − B

a2

 hopping in x-direction

T̂y =


D
a2 +

B
a2

A
2a 0 0

− A
2a

D
a2 − B

a2 0 0
0 0 D

a2 +
B
a2

A
2a

0 0 − A
2a

D
a2 − B

a2

 hopping in y-direction.

(3.255)
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4
Machine Learning methods in condensed

matter

4.1 Overview

Machine learning (ML) techniques have garnered impressive popularity in the last
years and are finding various applications in areas that range from something as
mundane as movie recommendations to cutting edge technologies, finance and health-
care. At their core, machine learning algorithms rely on the gathering of large amounts
of data and finding patterns in the datasets in order to learn from past experience
and make autonomous predictions. It has also become evident in the last decades
that both experimental and theoretical physics have become intrinsically linked to
computational methods and simulations programs, relying on the continuous rise
in computing power and efficiency. Therefore, it is of no surprise that ML methods
have found their way into various areas of science as well, providing innovative ap-
proaches to data manipulation and analysis and solving problems that, only a few
year ago, were considered overly demanding from a computational perspective. To
highlight the relation between ML and physics even more, it is worth mentioning
that the Nobel Prize of 2024 was awarded to John Hopfield and Geoffrey Hinton for
their contributions to ML. Both of them have taken concepts from theoretical physics
and applied them successfully to seminal ML algorithms – the Hopfield network and
the Boltzmann machines.

Materials science is an impressive source of large and comprehensive datasets,
with multiple parameters and features. It has become apparent to scientists in this
field that they have to shift towards a new paradigm of research, in order to han-
dle efficiently the large amount of data gathered from experiments and simulations.
Since data manipulation and pattern recognition are the tenets of ML, materials sci-
ence is a perfect fit for machine learning approaches. The type of data that is avail-
able along with the end goal have to be taken into consideration when building a
ML model. Depending on these conditions, one may classify ML approaches into
three main categories: supervised learning, unsupervised learning and reinforce-
ment learning (see Figure 4.1 ).

All these classes of algorithms have found a variety of applications in both the-
oretical and experimental condensed matter physics. For instance, neural networks
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FIGURE 4.1: The three main categories that encompass the majority of
ML models. Supervised learning deals with datasets where both the
input and output are known and the ML algorithm learns a complex
D-dimensional function that links the features to the targets. In un-
supervised learning, the program has to identify patterns in the data
without any a priori knowledge of what meaning they might possess.
Reinforcement learning (RL) works with a completely new philoso-
phy – the algorithm is trained only through trial and error. The code
has three main components, the environment, the agent and the in-
terpreter and the goal is for the agent to learn how to "move" in the
created environment in order to achieve a predefined goal. The in-
terpreter acts like a judge, giving the agent rewards when it makes

optimal choices and punishing it when it makes mistakes.

were successfully employed to discriminate between phases of matter and identify
phase transitions in classical and quantum systems [71] and also to identify topolog-
ical order [72, 73]. Multiple types of classification and regression algorithms were
applied to predict the chemical composition of materials [74] and even aid in the
discovery and design of new materials [75]. Basically, ML is a powerful tool for in-
verse design applications, where one imposes a desired functionality and trains a
model to identify the ideal chemical structure or composition that leads to it [76].

Our research group began exploring ML methods for applications in materials
science by exploiting the large datasets we already obtained through intensive DFT-
based calculations, as described in Figure 4.2. Our goal was to predict relevant mate-
rials properties, such as the band gap, from datasets generated with the SIESTA and
TranSIESTA packages [77, 78, 79]. We expanded our expertise gradually, moving
towards ML metthods suitable for image processing and generative models, in or-
der to analyze datasets from exact diagonalization procedures, R-matrix simulations
and even molecular dynamics. To this end, in this chapter we focus mainly on the
ML methods that we employed, starting with the deceivingly simple, but ubiqui-
tously versatile artificial neural networks (ANN). The last sections are dedicated to
image processing algorithms, ending with specific applications of all these models
to physically relevant systems.

4.2 Artificial Neural Networks

The idea of neural networks was initially inspired by the 1943 model of a biological
neuron developed by McCulloch and Pitts [80], the subsequent concept of the per-
ceptron of Rosenblatt [81] and the ideas about the actual learning process expanded
by Hebb [82, 83]. The perceptron, as basic learning unit described schematically in
Figure 4.3a became the building block of artificial neural networks, but it was soon
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FIGURE 4.2: A workflow for the DFT+ML approach to exploring the
properties of materials. Large datasets are initially gathered with the
aid of DFT-based simulations tools and a goal for the model is identi-
fied. A crucial step is to check the data, eliminate any possible outliers
or redundancies and then find an ideal manner to define the relevant
features for the system. Then, an appropriate ML model is trained
with the input data and the end result is a program that should be

able to make accurate predictions almost instantly.

realizes that a simple brain inspired network of linear computing elements was not
complex enough to learn complicated patterns. The second breakthrough came in
the 1980s, when several groups of researchers created effective ways to train ANNs,
by means of what we now call "back-propagation". Therefore, when we talk about
neural networks we basically refer to a computational applications that employs
variations of the gradient descent method to solve a wide variety of regression and
classification problems [84]. In the realm of applied data science, researchers use
machine learning methods as tools that allows them to make swift and accurate pre-
dictions based on large amounts of data for otherwise complex systems that would
require a great deal of computational resources and time.

The basic element of a neural network is known as a neuron, which is a non-
linear function that transforms an input vector to a single output value. The function
is parametrized by a set of weights wij and a bias (or threshold bj). In order to induce
the nonlinearity required to tackle a larger class of realistic problems, an activation
function is applied to the linear transformation. There are a number of different
activation functions that one can use, but an important condition is that they need to
be differentiable. Mathematically, we can represent one layer j of the neural network
with m neurons in the following manner:

yj = f

(
m

∑
i=1

wjixi + bj

)
, (4.1)

where 

xi ⇒ input
yj ⇒ output
bj ⇒ bias
wji ⇒ synaptic weights
f ⇒ activation function
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(A) (B)

FIGURE 4.3: (A) In the upper side of the figure, a representation of
the biological neuron, that inspired ANNs. The first type of neural
network (NN), known as perceptron, is sketched below. (B) The ar-
chitecture of an artificial neural network, as we use it today, highlight-
ing the input and output layers, connected by multiple hidden layers

with various numbers of neurons each.

In matrix form:

Y = f
(

W⊤X + B
)

(4.2)

where

X ⇒ input column vector of size (m x 1)
Y ⇒ output column vector, after activation, of size (n x 1)
B⇒ bias, column vector of size (n x 1)
W ⇒ weights matrix of size (m x n)
f ⇒ activation function, applied element-wise

The generalization to multiple layers is straightforward:

Zl = W lT
Yl−1 + Bl

Yl = f l
(

Zl
)

.
(4.3)

where l denotes the lth layer of the network.

4.2.1 Activation functions

The activation function of a neural network defines how the weighted sum of the
input is transformed into an output from a node (or nodes) in a layer of the network.
Without activation functions, no matter how many layers the ANN has, its capacity
to represent a dataset would not increase and it would be as powerful as a linear
regression model [85]. In other words, any number of linear layers could simply be
reduced to one layer and give the same result. Therefore, the non-linearity induced
by the activation function is essential to capacity of a neural network and their power
of adaptability to high dimensional data spaces. While there is no ultimate set of
rules that guides the programmers in choosing the ideal activation functions, there
are many studies that explore the impact of activation functions on the performance
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of the ML model [86, 87, 88]. There is also research into new types of activation
functions that can adapt in real time to the learning process of the network [89, 90].

We will enumerate here the most popular activation functions and outline their
crucial features:

• Hyperbolic tangent⇒ The output of the tanh function always ranges between
-1 and +1

tanh(z) =
ez − e−z

ez + e−z (4.4)

• Rectified linear unit (ReLU) ⇒ If the input value is 0 or greater than 0, the
ReLU function outputs the input as it is. If the input is less than 0, the ReLU
function outputs the value 0

ReLU(z) =
{

0 if z < 0
z otherwise

= max(0, z) (4.5)

• Sigmoid ⇒ The sigmoid function converts its input into a probability value
between 0 and 1. It converts large negative values towards 0 and large positive
values towards 1. It must be used in the output layer when we build a binary
classifier

σ(z) =
1

1 + e−z (4.6)

• Softmax⇒ It is the multi-class generalization of the sigmoid function:

σ(z)i =
ezi

∑K
j=1 ezj

(4.7)

The softmax function takes an input vector z and generates

σ(z)i =

 ez1 / ∑i ezi

...
ezk / ∑i ezi

 (4.8)

which is a probability distribution over K items, where K is the number of
classes.

Loss functions

Let us consider a dataset of n values marked y1, . . . , yn , each associated with a fitted
(predicted) value f1, . . . , fn. In order for the network to learn, the loss should become
minimal at the end of the training process. So, given a loss function L(prediction,
truth), we must adjust the weights w, w0 of every layer to minimize

O (w, w0) = ∑
i
L (NN (xi; w, b) , fi) ,

where NN is the output of our single-unit neural net for a given input. Choosing the
appropriate loss function depending on the problem at hand is essential, so we will
enumerate here some of the most popular loss functions.
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FIGURE 4.4: Examples of activation functions. Note that the sigmoid
is suitable for classification problems.

Mean squared error

The mean squared error is defined as:

MSE =
1
N

N

∑
n=1

(
t(n) − o(n)

)2

where N - number of samples, t(i) - ground truth label (target) for ith sample and
o(i) - predicted label for i-th sample

Coefficient of determination (R2)

R2 = 1− SSres

SStot
(4.9)

where 
SSres = ∑i (ti − oi)

2 residual sum of squares
SStot = ∑i (ti − t̄)2 total sum of squares
t̄ = 1

n ∑N
n=1 t(n) mean of the observed data

Cross-entropy

The idea of cross-entropy has its origin in the field of information theory, where
the Shannon entropy was introduced [91]. Similar to statistical physics, entropy
measures the degree of disorder in a system. In the context of information theory,
entropy gives a measure for the uncertainty of an event. The exact formulation used
as a cost function in machine learning algorithms is:
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Loss Activation function (f) Task
Mean squared error ReLU regression
Binary cross entropy sigmoid classification

Categorical cross-entroy softmax multi-class classification

TABLE 4.1: Common loss functions and activation functions em-
ployed in different tasks performed by the ANN.

Ebinary = − 1
N

N

∑
n=1

t(n) log o(n) +
(

1− t(n)
)

log
(

1− o(n)
)

, (4.10)

where

o(n) =
1

1 + exp
(
−z(n)

) . (4.11)

This loss function penalizes the model more heavily when it assigns a low prob-
ability to the true class and it is used in binary classification problems. In the case of
a multi-categorical classification, the loss has the following form:

Emulti-class (o, t) = − 1
n

n

∑
i=1

K

∑
k=1

tk · log (ok) (4.12)

where

o(zi) =
ezi

∑K
j=1 ezj

. (4.13)

In table 4.1, we mentioned some common loss functions and activation functions
employed in different tasks performed by the ANN.

4.2.2 Backpropagation and gradient descent

The backpropagation algorithm is used in feed-forward ANNs. Since they are part
of the category of supervised learning, the algorithm is provided with examples
of the inputs and outputs. An error is then computed between the output of the
network and the real output, with a loss function of our choosing. The goal is to
minimize that error through training and adjust the weights of the network such that
it reaches an optimal set of hyper-parameters and exhibits the highest performance.
The adjusting of the weights is done by a method known as gradient descent.

Let us go through a simple example. Assume that we use the mean squared error
to quantify the discrepancy between the output of the neural network and the target
variable:

E =
1
2 ∑

k
(ok − tk)

2 , (4.14)

where ok stands for the output of the NN and tk denotes the target value. The deriva-
tive of the error function with respect to the output is:

∂E
∂ok

= ok − tk (4.15)
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FIGURE 4.5: a) The structure of a single ANN layer, where the input
values xi are linearly transformed into zk by simple multiplication
with the weights matrix w. Subsequently, an activation function f
is applied in order to induce non-linearity in the neural network. b)
Qualitative scheme of the back-propagation algorithm, which encap-

sulates the learning process of an ANN (adapted from [84]).

Let us assume we employed the logistic activation function in this ANN archi-
tecture:

o(n)k = f
(

z(n)k

)
=
(

1 + exp
(
−z(n)k

))−1

∂o(n)k

∂z(n)k

= o(n)k

(
1− o(n)k

)
so the output of the k layer is given by the activation function applied on the input
coming from the previous layer. Using the chain rule, we express the gradient of the
error function with respect to the weights in the following manner:

∂E
∂wki

=
N

∑
n=1

∂E

∂o(n)k

∂o(n)k

∂z(n)k

∂z(n)k
∂wki

=
N

∑
i=1

(
o(n)k − t(n)k

)
o(n)k

(
1− o(n)k

)
x(n)i (4.16)

Hence, we update the weight accordingly:

wki ← wki − η
∂E

∂wki
= wki − η

N

∑
n=1

(
o(n)k − t(n)k

)
o(n)k

(
1− o(n)k

)
x(n)i (4.17)

where η is the learning rate. The learning rate defines the step size with which the
algorithm moves towards the minimum at each iteration.

Optimizers

The example presented above is a basic approach that encompasses the philoso-
phy of the backpropagation method. However, in modern deep learning algorithms,
gradient descent-based methods became more refined, in order to increase the per-
formance of the model. In a ML code, the algorithm that is responsible for the tuning
of the network parameters during training is known as an optimizer. These algo-
rithms are highly specialized, building on top of the simple gradient descent ap-
proach and decreasing the probability that the network will remain stuck in a local
minimum during the learning process. Some of the best optimizers are: Stochastic
Gradient Descent (SGD) [92], RMSprop [93], Adagrad and Adam [94].



4.2. Artificial Neural Networks 91

FIGURE 4.6: Qualitative plots depicting what underfitting, overfitting
and an ideal model would output for regression and classification
problems. In the last row, the loss functions are represented, follow-
ing the validation and training losses. In the ideal case, both losses

should go towards minimal values.

How often are the weights updated?

• After a full sweep through the training data (batch gradient descent)

wki ← wki − η
∂E

∂wki

• After each training case (stochastic gradient descent)

• After a mini-batch of training cases

4.2.3 Optimization techniques for the ANN

Programming the optimal ML model is not always an easy task and usually implies
that one needs to also go through a process of trial and error to identify the ideal
parameters for the architecture of the network. Choosing the best parameters is
not straightforward, since there is no definitive set of rules to follow. However, we
propose here, as a guideline, some aspects that should be tuned in order to achieve
the highest level of prediction accuracy:

• Modifying the number of hidden layers of the NN and the number neurons in
each layer ⇒ The number of hidden layers and neurons is directly related to
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how complex the ANN is. The complexity of the model must be proportional,
however, to the complexity of the problem that needs to be solved.

• Using the right activation function⇒ Choosing the right activation function is
highly consequential for the accuracy of the model. For example, a linear acti-
vation function implied that the network learns to adapt only to linear changes
in the input values. Basically, an ANN with linear activation functions would
not be capable of providing better results that a basic linear regression fit. For
this reason, non-linear activation functions are the preferred option in most
cases, since the end goal is to identify complex patterns in the data, that would
be elusive to other statistical data analysis approaches [85].

• Activation function in the output layer ⇒ One needs to pay attention to the
type of problem they want to solve when implementing a neural network. To
this end, some activation functions are tailored for classification problems, as
we discussed in section 4.2.1, and the model would return high errors if this is
not accounted for.

• Normalize/scale data ⇒ This is an important aspect of data preprocessing,
which explores the given dataset before feeding it the model. For the network,
it is ideal to prepare a dataset that is scaled to the difference between the max-
imum and minimum values of each type of features.

• Improve feature selection⇒ The importance of feature selection is difficult to
understate in the framework of ML. Selecting the appropriate features influ-
ences the computation time and improves the prediction performance. Choos-
ing the right features is akin to speaking a language that the ML model un-
derstands best, and leads to a better grasp of the data, giving more profound
insights into the hidden patterns. A good set of features aims to minimize re-
dundancy and noise and eliminate the outliers or irrelevant data points. Many
feature selection methods are already well known [95] and are readily imple-
mented, but one always needs to account for the characteristics of the problem
at hand.

• Change the learning rate ⇒ The learning rate gives the step with which the
optimizer searches for the minimum of the loss function. The ideal learning
rate is a tradeoff between training time and accuracy.

• Training time (number of epochs)⇒ The training time is crucial when it comes
to the final stage of creating the ML model, namely testing it on new data.
Choosing the wrong duration of the training process may lead to two extreme
scenarios, underfitting and overfitting (see Figure 4.6). The training duration
is measured on epochs, and each epoch represents the number times the ML
model will go through the entire set of training data.

• Batch size⇒ The batch size defines the number of samples the network goes
through before updating its parameters towards loss minimization. It is advis-
able to use a batch size that has a value equal to a power of two, since the unit
of memory is a bit. The smaller the batch size, the more the training process
will take.

• Weight initialization⇒ The weights of the NN enable the neurons in the var-
ious layers to learn different aspects of the multi-dimensional mapping that
the model aims to perform. If all the neurons learned in the same manner,
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the model would perform worse, this is why the weights are automatically as-
signed randomly. To this end, there is ongoing research that explores the most
optimal ways to initialize the weights in a NN [96, 97, 98].

• Dropout ⇒ Dropout refers to the random elimination of some of the nodes
of the network from chosen hidden layers. This method helps to avoid over-
fitting, since it forces the network to adapt to situations when not all of the
neurons are useful to the training process. This actually decreases the prob-
ability that the neurons become overly specialized, learning the training data
too well, while becoming unable to adapt to a new dataset.

• Data augmentation⇒ Data augmentation is another regularization technique
that is especially useful when one deals with smaller datasets. It expands the
size of the training dataset by creating artificial samples that usually exploit
symmetries in the considered system. For example, when it comes to image
recognition models, one can apply rotations, mirroring and random crop to
the inputs. This is also a good way to balance a dataset. However, take note of
the fact that the newly created data is still artificial and in some cases it might
actually hinder the performance of the model by inducing redundancies.

• Early stopping⇒ The goal of early stopping is to limit the number epochs. The
ML models should be trained until the training error reaches a plateau, or one
notices that the validation error starts increasing (which indicates overfitting).
When these conditions are met, the model should stop training.

4.3 Convolutional Neural Networks

Fully connected feed forward ANNs are highly versatile since they make no assump-
tions about the type of data they are given. However, if we know some defining
characteristics of the data we are working with, then other architectures may prove
to be more efficient. This is where convolutional neural networks come into play,
a type of NNs that deal with image processing. They have become highly popular
lately due to the wide variety of visual data they can help analyze, from simple 2D
camera images, to 3D representations. The structure of CNNs takes full advantage
of how images are represented as 2D arrays of pixels that can either take one inte-
ger value or three integer values to encode the red, green and blue color channels.
Images have some important characteristics that are exploited by CNNs, namely
spatial locality and translational invariance [84].

A typical structure for convolutional network consists of three main blocks (see
figure 4.7). In the beginning, the first layer performs several convolutions in parallel
to produce a set of activation maps. In the second block, each linear activation is
run through a nonlinear activation function, such as the rectified linear activation
function (ReLU). In the third block, we use a pooling function to modify the output
of the layer further and the final block is represented by a network of fully connected
layers, similar to the ones we work with in NNs.

4.3.1 Convolutional layers

Mathematically, a convolution is an integral that expresses the amount of overlap of
one function g as it is shifted over another function f:
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FIGURE 4.7: General structure of a convolutional neural network,
comprised of convolutional layers, pooling layers and the final flat-

tened fully connected layers.

[ f ∗ g](t) ≡
ˆ t

0
f (τ)g(t− τ)dτ (4.18)

where the symbol ∗ denotes the convolution of f and g. The first argument,
function f , is known as the input and function g is referred to as the kernel. The
result of the convolution is sometimes called a feature map. In the machine learning
algorithms discussed here, the input is a multi-dimensional array of data (a tensor),
while the kernel (also known as a filter in this context) is a multi-dimensional array
of parameters that are optimized through the learning algorithm. For this type of
discrete 2D problem, the convolution has the following form [99] :

(I ∗ K)(i, j) = ∑
m

∑
n

I(m, n)K(i−m, j− n)

or

(K ∗ I)(i, j) = ∑
m

∑
n

I(i−m, j− n)K(m, n).

(4.19)

As it is explicitly pointed out in [99], the convolutional layer takes advantage
of three important concepts: sparse interactions, parameter sharing and equivariant
representations. We have seen that in feed forward neural networks, each input and
output interact through the weights matrix and the activation function. However, in
image processing, this approach would not only be computationally demanding, but
also highly inefficient. This is due to the fact that not all pixels are equally relevant
and the algorithm should be tailored to detect and enhance the essential features.
The convolutional layer accomplishes this by using a kernel that is smaller than the
input image. Parameter sharing refers to how the same filter is applied to every area
in the input image, so the same weights that we have already trained can be used
again. Equivariance implies that if we change the input, for example by shifting a
pixel in one direction, the output image will be altered in the same manner.

The kernel slides across the height and width of the image, producing a two-
dimensional representation of the input known as an activation map. The sliding
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(A) (B)

FIGURE 4.8: (A) An example of a 2D convolution. (B) An example of
a max-poolig operation.

step of the kernel across the image is called a stride. If we have an input of size
W ×W × D and N number of kernels with a spatial size of F with stride S and
amount of padding P, then the size of the output of the convolution is determined
by (see also Figure 4.8):

Wout =
W − F + 2P

S
+ 1. (4.20)

The activation map will have a size of Wout ×Wout × N.

4.3.2 Pooling layers

A pooling function replaces the output of the network at a certain location with a
summary statistic of the nearby outputs [99]. The most popular is the max pooling
operation, which return the maximum value within a rectangular neighbourhood
(see figure 4.8b). Pooling helps in reducing the size of the representation and it can
also help to make the representations more robust to small translations in the input
image.

If we have an activation map of size W ×W × N, a pooling kernel of spatial size
F, and stride S, then the size of output can be determined by the following formula:

Wout =
W − F

S
+ 1. (4.21)

This will yield an output volume of size Wout ×Wout × D.

4.4 Autoencoders

Autoencoders were introduced in 1986 [100] with the goal to reconstruct inputs with
the highest accuracy. Its objective is to learn a representation of the data that encom-
passes the essential information and reconstruct the input as well as possible [101].
This representation is called latent feature representation and it has much smaller
dimensions than the input. As it is represented in figure 4.9, the two building blocks
of the autoencoder are two neural networks known as encoder and decoder.

Some of the main applications of autoencoders are :

• Dimensionality reduction ⇒ An autoencoder can be used to extract the es-
sential features of the input data using the bottleneck architecture for the en-
coder/decoder networks. Subsequently, one can use the latent feature repre-
sentation for other tasks, such as classification problems. The main advantage
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FIGURE 4.9: General structure of an autoencoder

is that autoencoders are able to deal with large amount of data in an efficient
manner and it can minimize the computational time while retaining high ac-
curacy.

• Anomaly detection ⇒ Autoencoders can be employed as anomaly detection
tools by initially training the algorithm on a representative data set and com-
puting the reconstruction error. If one then adds a different data element as the
input, the autoencoder will not be able to recreate it properly, displaying high
reconstruction errors for the "anomaly".

• Denoising⇒ They can also be used to correct errors in the input dataset, if it
is trained, for example, with noisy images as input and the original images as
output.

FIGURE 4.10: Results of an autoencoder on a set of charge densities
calculated using the ED method.

4.5 Generative Adversarial Networks

"The harder the conflict, the more glorious the triumph"

Thomas Paine

Generative adversarial networks were proposed fairly recently, on 2014, by Ian
Goodfellow [102] and they garnered an impressive amount of recognition in the ar-
tificial intelligence community. The main idea of GANs is based in a zero-sum game
theory scenario, where two players have to constantly compete against each other
in order to maximize their own gain. The GAN architecture is built on this philoso-
phy and it consists of two networks, known as the generator and the discriminator.
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(A) (B)

FIGURE 4.11: (A) Simplified scheme of the cGAN’s learning process
(B) Different possible architectures for the generator network.

The generator’s role is to create fake data that is as close to the real data as possible,
while the discriminator’s job is to distinguish between what is real and what is a
fake (generated by his adversary).

Let us discuss more what this adversarial scenario means in a formal mathemat-
ical approach. If the input data given to the discriminator is the real one, then its
output should be close to unity. However, if the input data to the discriminator is
the data generated by G, there will be two different perspectives to consider. From
the viewpoint of the discriminator, it should be able to determine that the data is
fake, so its output should be closer to 0. The loss that should be maximized in this
case is LGAN(G, D) = Ex,z[log(1− D(G(z)))]. However, from the generator’s per-
spective, its job is to fool the discriminator, so the loss for the generator is minimized.
We can summarize this discussion in a representative manner as follows [103]:

X = Xtruth ⇒ D(X)→ 1 ⇒ max
D

LGAN(G, D) = Ex,z[log(D(x))]

X = G(Z)⇒
{

D(X)→ 0 ⇒ maxD LGAN(G, D) = Ex,z[log(1− D(G(z)))]
D(X)→ 1 ⇒ minG LGAN(G, D) = Ex,z[log(D(x))]

(4.22)
where Ex,z is the expectation value.
Using the following notations:

x ⇒ input image
y⇒ output image
z⇒ noise vector

the loss function of the GAN has the following form:

LGAN(G, D) =Ey[log D(y)] + Ex,z[log(1− D(G(x, z))] (4.23)

The conflict between the generator and the discriminator is a 2-player minmax
game, where the objective can be mathematically represented through the loss func-
tions defined above in the following formula:
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min
G

max
D

LGAN(G, D) = Ex,z[log(D(x))] + Ex,z[log(1− D(G(x, z)))] (4.24)

4.5.1 Conditional Generative Adversarial Networks

If the generative adversarial networks are given an extra condition that both the gen-
erator and discriminator have to abide, then they are known as conditional GANs
(cGANs). They were introduced shortly after the traditional GANs, in 2014 [104].
Usually, this extra information is a label. Therefore, in addition to the random input
is fed to the generator along with its label. Now the generator has to produce fake
data that is related to this label. Then, both the fake and real pairs of image and label
are given to the discriminator, and it must decide what pair is real or fake (see Figure
4.11). In this manner, the generator becomes proficient not only at recreating fakes
of the dataset, but also fake representatives of certain labels.

The loss in this case is written as:

LcGAN(G, D) = Ex,y[log D(x, y)] + Ex,z [log(1− D(x, G(x, z))]] ,
⇒ G∗ = arg min

G
max

D
LcGAN(G, D)

(4.25)

This approach can be refined even further. For example, one can also add the
L1 or L2 losses to the objective of the generator, in order to force it to produce im-
ages that are as close as possible to the ground truth. This method is also used in a
cGAN-based model for image translation, named pix2pix [105], that we employed
for charge density predictions:

Lp2p
cGAN(G, D) = Ex,y[log D(x, y)] + Ex,z [log(1− D(x, G(x, z))]

+ Ex,y,z [∥y− G(x, z)∥1]

⇒ G∗ = arg min
G

max
D
LcGAN(G, D) + λLL1(G)

(4.26)

4.6 Applications in condensed matter

	 �� The main results presented in this section were published in
[54, 106]

4.6.1 Charge density predictions with cGANs

We have introduced the exact diagonalization method and its computational imple-
mentation in Section 3.6. While this approach offers the highest accuracy for calcu-
lating the ground state eigenvalues and eigenfunctions of a many-body system, it is
also computationally demanding. Along with the machine learning revolution in all
fields that deal with analyzing large amounts of data, there has also been a call for
combining ML techniques with traditional algorithms in computational physics. In
reference [54], we explored the possibility to use cGANs to make predictions about
the charge density profiles for interacting many particle systems.

The quantum system we studied is comprised of N electrons confined to a ran-
domly generated potential configuration Vxy. The configuration is defined on a 2D
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FIGURE 4.12: Prediction of interacting charge densities with an image
translation ML model .

square region of area L× L, as displayed in Figure 4.12 . The confining potential was
obtained by assembling connected quantum wells, with potential V0 = 0 eV, while
the step potential is set at Vs = 0.5 eV. A set of 5000 potential mappings were gen-
erated, in order to have enough data for the subsequent training of the ML model.
These configurations resemble systems of interacting QDs such as two-dimensional
self-assembled functionalized graphene QDs [107], randomly distributed QDs for
memristive elements [108] or random geometric graphs of QDs [109].

For the case of N = 2 particles, using the reference cGAN configuration de-
scribed in [105], we looked at mappings such as: (i) Vxy 7→ ñ0, (ii) Vxy 7→ ñint , where
the ’ ∼ ’ symbol stands for the generated quantities. The potentials

{
Vxy
}

are avail-
able as input data and the non-interacting densities, {n0}, can be easily calculated
through one-particle calculations. The interacting densities, {nint }, are determined
using the ED method. The second mapping, Vxy 7→ ñint , is of the highest impor-
tance, since it produces the profile of the charge density of a system with interaction
without any diagonalization procedure. The result is almost instant, once the model
was thoroughly trained and the loss metrics were monitored to avoid under/over-
fitting. Visually, the mappings depicted in Figure 4.13 reproduce the fundamental
features of the reference (calculated) densities very well. The published paper [54]
provides more details about the metrics we employed to measure the accuracy of
the models in a quantitative manner.

As the particle number increases, the number of many-particle states also be-
comes considerably larger and the exact diagonalization calculations are even more
computationally expensive. The accuracy in identifying the charge density maxima
slightly decreases as the number of particle is increased, but the determination co-
efficient has higher values. When the number of electrons is raised even further,
approaching the mean field case, the charge is more delocalized and it gradually
takes the shape of the confining potential, which facilitates the prediction process.

4.6.2 ML models for molecular dynamics simulations

In article [106], we studied the collective motion of the embedded Calcium atoms in
endohedral fullerenes cages and provided a consistent description of the correlated
motion through extensive molecular dynamics calculations. For the purpose of iden-
tifying complex patterns in dynamics, we employed a hybrid numerical approach,
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FIGURE 4.13: Results obtained with pix2pix. Upper row: Predicted
non-interacting and interacting charge densities for different poten-
tial configurations. Bottom left corner: predicted charge densities
for different electron numbers confined in the potential well. Bot-
tom right corner: Predictions for the shape of the potential, with the

charge densities as input.

employing efficient simulations based on ab initio molecular dynamics simulations
(AIMD) and ML models.

The molecular dynamics simulations were done with the ORCA package, while
the structural optimizations were performed in the framework of density functional
theory (DFT). The computational load of molecular dynamics simulations is high,
so we employed an ANN-based model in order to predict the dynamics. The ML
model was used to determine the force field

{(
Fx, Fy, Fz

)}
i from the positions of the

Ca atoms in the fullerene cage {(r, θ, ϕ)}i →
{(

Fx, Fy, Fz
)}

i. Subsequently, using the
predicted force field, we calculated the dynamics by means of Newton’s laws, also
accounting for the velocity rescaling induced by the thermostat. Our goal was to
reproduce as accurately as possible the fundamental features of the trajectories and
the correlated motion of the encapsulated atoms. The ANN architecture has four
hidden layers, with 128, 1024, 512, 64 neurons. We use the ReLU activation function
in each layer, except for the last one, where it was determined that tanh was a better
fit. Also, a dropout of 0.3 was applied to each hidden layer. The input layer contains
3× NCa entries, corresponding to the spherical coordinates of the encapsulated Ca
atoms multiplied by the number of samples in the training dataset. In this case, we
choose to work with a multi-target regression model, such that the output layer was
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comprised also of 3 neurons, corresponding to the forces in Cartesian coordinates.
We considered that, since the correlations between the embedded atoms in the cage
are crucial, this approach would improve the accuracy of the ML model.

Also, we employed a regularization technique known as data augmentation, that
we briefly discussed in section 4.2.3. Although the MD simulations were realized for
an extended time interval, the Ca atoms actually occupy a small percentage of the
space in the fullerene cage. We used data augmentation to enhance the sampling
of trajectory space and we generated an extended training dataset by applying ro-
tations to the Ca subsystem. The final dataset is obtained by considering 5500 MD
steps multiplied by 73 rotations around the Cartesian axes, with an angular step size
of π/6.

FIGURE 4.14: ML models employed to predict the dynamics of en-
capsulated Ca atoms in fullerene cages.
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Results
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5
R-matrix method for two particle scattering

problems

	 �� The main results presented in this section were published in [3]

In the article [3] , we extended the R-matrix formalism to include two-particle
scattering events. In this chapter, we shall briefly review the results introduced in
the published work. The system is structurally similar to the one described in the
case of the single-particle R-matrix formalism, which we presented in detail in Sec-
tion 3.5. It consists of a number of leads connected to a central scattering region.
The particles are identical fermions and our approach conserves the anti-symmetry
of the fermionic wavefunction throughout the entire system. We obtained a con-
sistent system of equations that yield the coefficients of the two-particle scattering
scattering functions by choosing an appropriate initial Ansatz. To this end, the two-
particle scattering functions are expanded in terms of anti-symmetrized products
of one-particle scattering functions (when at least one particle is in the leads), or in
terms of the two-particle eigenstates of the Hamiltonian (when both particles are in
the scattering region).

We make the following assumptions

• The particles interact with each other through a potential of the type V(Ωc) (r1, r2) ≡
V(Ωc) (|r1 − r2|), which depends on the distance between the two fermions.
Also, we consider an interaction potential only if both of the particles are in
the scattering region (r1, r2 ∈ Ωc).

• When both particles are in the leads or one particle is in one of the leads and
the other is in the central region, they do not interact with each-other.

• The interactions do not depend on the particle spin

• The total energy E is conserved

The main notations that are used throughout the formalism are summarized in
Table 5.1.



106 Chapter 5. R-matrix method for two particle scattering problems

Notation

s=1,2,3... lead index
rp particle position vector
Ωc scattering region
Ωs lead s region
Γs interface between lead Ωs and the central region

TABLE 5.1: Notations employed in the bi-particle R-matrix formalism

Hamiltonian of the system and Hamiltonian eigenstates

In the lead s, the single-particle Hamiltonian is:

Ĥ(s)(r) = − h̄2

2m(Ωs)
∆ + V(s)(r) (5.1)

where mΩs is the effective mass and and V(s) is the single-particle potential en-
ergy. Since we assume translational invariance along the transport direction, then
V(s)(r) ≡ V(s)(x, y) ≡ V(s) (r⊥). The bi-particle Hamiltonian is:

Ĥ(2,Ωs) (r1, r2) = Ĥ(Ωs) (r1) + Ĥ(Ωs) (r2) (5.2)

For the interaction region Ωc, the single-particle Hamiltonian is:

Ĥ(Ωc)(r)
∣∣∣
r∈Ωc

= − h̄2

2m(Ωc)
∆ + V(Ω0)(r),

while the two-particle Hamiltonian is:

Ĥ(2,Ωc) (r1, r2) = Ĥ(Ω0) (r1) + Ĥ(Ωc) (r2) + V(Ωc)
2 (r1, r2) (5.3)

where V(Ωc)
2 (r1, r2) was introduced above. Therefore, for the entire system T ≡

Ωc
⋃

Ωs, we can define a non-interacting single particle Hamiltonian Ĥ(T )(r), the
the two-particle Hamiltonian Ĥ(2,T ) (r1, r2) and an ideal two particle Hamiltonian
Ĥ(2,T )

0 (r1, r2) : 
Ĥ(T )(r) ≡ Ĥ(Ωs)(r) + Ĥ(Ωc)(r),
Ĥ(2,T ) (r1, r2) ≡ Ĥ(2,Ωs) (r1, r2) + Ĥ(2,Ωc) (r1, r2) ,

Ĥ(2,T )
0 (r1, r2) ≡ Ĥ(T ) (r1) + Ĥ(T ) (r2) ,

(5.4)

The orbital component of the eigenstate of the single-particle Hamiltonian at en-
ergy E, Ψ(in,s,E)

i = 1 and Ψ(in,s′,E)
j = 0 for any s′ ̸= s, j ̸= i is:

Ψ(1,s,T ,E)
i (r) ≡∑

s′,j

[
δijδss′e

−ik(
s′ ,E)

j z + ψ
(out,s′,E)
j(s,i) eik(

s′ ,E)
j z

]
ϕ
(s′)
j (r) + ∑

l
a(E)

l(s,i)χl(r) (5.5)

where χl(r) are the Wigner-Eisenbud functions, while the coefficients ψ
(out,s′,E)
j(s,i) and

a(E)
l(s,i) can be determined as we highlighted in a detailed manner in Section 3.5.

The Ansatz that we propose for Ψ(±,2,T,E) (r1, r2) in the exterior region (see Figure
5.1), such that it satisfies energy conservation and the continuity equations is:
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FIGURE 5.1: The 2D schematic representation of the 6D coordinate
space of the system, where leads Ωs1 and Ωs2 are attached to the
scattering region Ωc. The coordinates corresponding to the two
electrons,r1 and r2, can be in any of the three regions, Ωs1, Ωs2, or
Ωc. We call the exterior region the eight marginal squares, where at
least one of the coordinates (r1 or r2) is not in the central region Ωc.
We consider that the particles are independent and non-interacting in
the exterior region. The two particle potential acts only in the interior
region, which is represented by the middle square with blue back-

ground.

Ψ(±,0,2,T ,E) (r1, r2) =

ˆ E

0

dE1

E ∑
s,s′,i,j

C(±,s,E1,s′,E−E1)
i,j ×[

Ψ(1,s,T ,E1)
i (r1)Ψ(1,s′,T ,E−E1)

j (r2)±Ψ(1,s,T ,E1)
i (r2)Ψ(1,s′,T ,E−E1)

j (r1)
]

.

(5.6)

In the interior region, the two-particle wavefunction can be written as:

Ψ(±,2,Ωc,E) (r1, r2) = ∑ a(±,2,E)
l χ

(±,2)
l (r1, r2) (5.7)

The eigenfunctions χ
(±,2)
I (r1, r2) satisfy the Schrödinger equation:

Ĥ(2,T ) (r1, r2) χ
(±,2)
l (r1, r2) = E(±,2,Ωc)

l χ
(±,2)
l (r1, r2) , for r1, r2 ∈ Ωc,

and the boundary conditions

[
n̂Γs (r1) · ∇1χ

(±,2)
l (r1, r2)

]
r1∈Γs

=
[
n̂Γs (r2) · ∇2χ

(±,2)
l (r1, r2)

]
r2∈Γs

= 0,

whereas χ
(±,2)
I (r1, r2) = 0 if r1 or r2 /∈ Ωc. The functions χ

(±,2)
l (r1, r2) are the

bi-particle analogue to the single particle Wigner-Eisenbud eigenfunctions χl(r) in-
troduced in Section 3.5. Using a method similar to the one described in 3.5, we obtain
the expression for the expansion coefficients:
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a(±,2,E)
l

(
E− E(2)

l

)
= − h̄2

2m(Ωc)
·

∑
s

(ˆ
Ωc

dr2

ˆ
Γs

dΓs

{
n̂Γs (r1) ·

[
χ
(±,2)∗

l (r1, r2)∇1Ψ(±,2,T ,E) (r1, r2)
]}

r1∈ΓsΩ0

+

ˆ
Ω0

dr1

ˆ
Γs

dΓs

{
n̂Γs (r2) ·

[
χ
(±,2)∗

l (r1, r2)∇2Ψ(±,2,T ,E) (r1, r2)
]}

r2∈ΓsΩ0

)
.

(5.8)

Continuity of the wavefunction when one particle is the scattering region and
the other one is on the interface

From the continuity condition of the wavefunction we get an equation for a(±,2,E)
l

[3]:

∑
l

a(±,2,E)
l

ˆ
Ω0

dr2χ∗l0 (r2)

ˆ
Γs1

dΓs1

[
ϕ
(s1)

∗

k (r1⊥) χ
(±,2,E)
l (r1, r2)

]
r1∈Γs1Ω0

=
1√
2

ˆ E

0

dE1

E ∑
s,s′,i,j

C(±,s,E1,s′,E−E1)
i,j B(±,s,E1,s′,E−E1,s1)

i,j,k,l0

(5.9)

with

B(±,s,E1,s′,E−E1,s1)
i,j,k,l0

≡
{

al0

(
Ψ(1,s′,T ,E−E1)

j

) [
δikδss1 + ψ

(out ,s1,E)
k

(
Ψ(1,s,T ,E)

i

)]
±al0

(
Ψ(1,s,T ,E)

i

) [
δjkδs′s1 + ψ

(out ,s1,E−E1)
k

(
Ψ(1,s′,T ,E−E1)

j

)]} (5.10)

Continuity of the probability flux when one particle is the scattering region
and the other one is on the interface

Let us now consider that r2 ∈ Ωc and r1 ∈ Γs1 . We impose the condition:

1
m(Ωc)

∂Ψ(±,2,T ,E) (r1, r2)

∂z1

∣∣∣∣∣
r1∈ΓS1Ωc ,r2∈Ωc

=
1

m(Ωs)

∂Ψ(±,0,2,T ,E) (r1, r2)

∂z1

∣∣∣∣∣
r1∈Γs1Ωs ,r2∈Ωc

(5.11)
From this, we obtained [3]:

∂Ψ(±,2,T ,E) (r1, r2)

∂z2

∣∣∣∣∣
r1∈Ω0,r2∈Γs2Ω0

= −m(Ω0)

m(Ωs)

1√
2

ˆ E

0

dE1

E ∑
s,s′,i,j

C(±,s,E1,s′,E−E1)
i,j A(±,s,E1,s′,E−E1,s2)

i,j (r2, r1)

(5.12)
where
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A(±,s,E1,s′,E−E1,s1)
i,j (r1, r2) ≡

∂Ψ(1,s,T ,E1)
i (r1)

∂z1

∣∣∣∣∣
Γs1Ωs

Ψ(1,s′,T ,E−E1)
j (r2)±

Ψ(1,s,T ,E1)
i (r2)

∂Ψ(1,s′,T ,E−E1)
j

∂z1
(r1)

∣∣∣∣∣∣
Γs1Ωs

= ∑
i1

(
−ik(s1,E1)

i1

[
δii1 δss1 − ψ

(out,s1,E1)
i1

(
Ψ(1,s,T ,E1)

i

)]
ϕ
(s1)
i1

(r1)
)

Ψ(1,s′,T ,E−E1)
j (r2)±Ψ(1,s,T ,E1)

i (r2)

×∑
i1

(
−ik(s1,E−E1)

i1

[
δji1 δs′s1 − ψ

(out ,s1,E−E1)
i1

(
Ψ(1,s′,T ,E−E1)

j

)]
ϕ
(s1)
i1

(r1)
)

(5.13)

Final equations for coefficients C

Using the results from the continuity conditions and the expression for the ex-
pansion coefficients, we obtained:

ˆ E

0

dE1

E ∑
s,s′,i,j

C(±,s,E1,s′,E−E1)
i,j D(±,s,E1,s′,E−E1)

i,j,s1,k,l0
= 0, (5.14)

where

D(±,s,E1,s′ ,E−E1)
i,j,s1,k,l0

≡ − h̄2

m(Ωs)
∑

l

{ˆ
Ω0

dr2 ∑
s1

ˆ
Γs1

dΓs1

[
χ
(±,2)∗
l (r1, r2)A

(±,s,E1,s′ ,E−E1,s1)
i,j (r1, r2)

]
r1∈Γs1

}

×

´
Ω0

dr2χ∗l0 (r2)
´

Γs1
dΓs1

[
ϕ
(s1)∗
k (r1⊥) χ

(±,2)
l (r1, r2)

]
r1∈Γs1

E− E(2)
l

−B(±,s,E1,s′ ,E−E1,s1)
i,j,k,l0

(5.15)
We present the logic of our method in Figure 5.2 where one can easily follow the

workflow with the main steps ar equations to be solved.
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FIGURE 5.2: The logic of the method published in [3] is presented in
the form of a workflow where one can follow the main equations that
lead to determination of the coefficients for the two-particle scattering

function.
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6
Device modeling

6.1 Two dimensional systems: gate arrays

	 �� The main results presented in this section were published in [110]

We begin the introduction of this chapter with the presentation of a many-particle
system that marked the beginning of our computational studies of 2D quantum
many-body systems with possible applications to quantum computing, namely a
gate array controlled quantum dot system [110]. Quantum dot arrays are viable pro-
totypes for quantum computing architectures, due to their versatility in controlling
the ground state with voltages applied to the top gates. To this end, investigating
the spectra of many-electron systems becomes a prerequisite to designing such de-
vices, an endeavor which requires a significant computational effort. Our aim was
not only to highlight the properties of a bi-particle 2D gate array system, but also to
employ machine learning techniques to predict the many-electron eigenvalues and
eigenfunctions.

6.1.1 Model system

The proposed architecture is displayed in Figure 6.1a, where we consider a set of N-
particle quantum systems (N = 2) defined on a finite two-dimensional square shaped
region. Each gate voltage can take two values (0 or Vg), defining a configuration that
controls the potential energy in the plane where the electrons are confined. The
many-body eigenstates are determined by the voltages applied on the top gates and
the Coulomb interaction between electrons is fully accounted for. The fundamental
features of the many-body system are captured in this description, but we ignore for
now any additional screening effects that would emerge due to the gate electrodes.

The number of systems depends on the number of gates (Ng) and is 2Ng . Since
the Coulomb potential is given by:

VC
(
r− r′

)
=

1
4πϵ̄0ϵ̄r

e2

|r− r′| , (6.1)
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(A) (B)

FIGURE 6.1: (A) The gate-array controlling the 2D many-body sys-
tem. (B) Two potential configurations, corresponding to a system
without (left) a central potential block and one with a central poten-

tial block, respectively (right).

it follows that the relative strength of the Coulomb interaction can be adjusted by
modifying the relative permittivity ϵ̄r. The maximum Coulomb interaction

(
V0

C

)
is

obtained for ϵ̄r = 1, so VC = V0
C/ϵ̄r. Also, one can also vary the effective mass meff

and the geometrical confinement, which controls the strength of the electrostatic po-
tential relative to the single-particle energy level spacings. Other external conditions
can be applied, such as in-plane electric fields, and we will explore this in Section
6.3. In the subsequent calculations, we considered that the number of top gates is
Ng = 32, the applied potentials are Vg = 0 and 0.5 eV, the linear size of the confine-
ment region is L = 30 nm and the effective mass is meff = 0.0655m0, corresponding
to GaAs. Also, note that a small Zeeman term was added to order the spin-states
properly.

6.1.2 Computational methods

Description of bi-particle states with the exact diagonalization method

The energy spectra of the bi-particle electronic Hamiltonian are obtained using the
exact diagonalization method, introduced in Section 3.6. The N-particle Hamilto-
nian is:

HΨn = EnΨn,

where En and Ψn ≡ Ψn (r1, σz1, . . . , rN, σzN) are the eigenvalues and eigenfunctions
of the many-body system. The N-particle eigenvalue problem is solved in the occu-
pation number representation and the basis elements are given by the eigenvectors
of the non-interacting system. In the ED code, they are represented as binary strings.
If we take one of these basis elements as a many-electron state denoted by |ψk⟩, then:

|ψk⟩ =
∣∣∣n(k)

1 n(k)
2 . . . n(k)

s . . .
〉

,

where n(k)
s = 0 or 1 and s ≤ NSES (NSES is the number of single particle states).
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FIGURE 6.2: Two potential configurations induced by the top-gate
array and the corresponding eigenvalues for different strengths of the

Coulomb interaction, namely vc = 0, 0.1, 0.5, 1.0.

Therefore,

Ψn = ∑
k

Cnkψk, (6.2)

where k counts the many-particle states (NMES = CN
NSES

). In our calculations, we con-
sidered NSES = 8 single particle states, leading to NMES = 28. Relevant observables
(charge and spin) for a certain eigenstate n, can be written as [110]:

ρ̄n(r) = ∑
k
|Cnk|2

2

∑
p=1

[∣∣∣ϕip,↑

∣∣∣2 + ∣∣∣ϕip,↓

∣∣∣2]

σ̄z,n(r) = ∑
k
|Cnk|2

2

∑
p=1

[∣∣∣ϕip,↑

∣∣∣2 − ∣∣∣ϕip,↓

∣∣∣2] (6.3)

where ϕip are the single-particle states.
Since our focus is to develop multi-target regression models to predict the energy

spectra of such 2D many-body systems, we performed exact diagonalization calcu-
lations for all the possible potential configurations. These results were subsequently
used to assess the performance of the ML approaches. For each potential map, we
considered 21 values for the strength of the Coulomb interaction. By varying VC in
small incremental steps, we generated over 10 000 systems to analyze. The single-
particle eigenvalue problem is solved with basis set of 2×Nbx ×Nby functions, with
Nbx = Nby = 30, on a real-space grid of Nx = Ny = 60 points.

Machine learning techniques

The problem formulated here has two generic coordinates: the list of potentials
given by all the possible top gate configurations

{
Vxy (iV)

}
and the relative strength

of the Coulomb interaction vC. The Coulomb interaction, vC is a continuous variable,
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FIGURE 6.3: Comparison between multiple ML models employed for
the prediction of the many-body energy spectra.

while the set of 2Ng potentials are represented as binary strings in an Ng-dimensional
space. Therefore, the features are constructed as

(
Ng + 1

)
-dimensional vectors, con-

taining a combination of discrete and continuous feature representations that allow
for a direct connection between the system information and the target quantities.
Also, note that the full set of 512 potentials includes several equivalent systems that
can be obtained through rotations and mirroring, leaving only 102 non-equivalent
potential maps. However, to maximize the use of training data, we incorporated
all the equivalent configurations, since this approach should drive the models to-
wards integrating the symmetry of the 2D system naturally. For predicting the set of
eigenvalues, we explored a couple of ML techniques:

• The method of least squares (MLS) ⇒ It is a fundamental linear regression
method, consisting of fitting the parameters of an overdetermined linear model
by minimizing the sum of the squared residuals. This method is already im-
plemented in the SciKit library.

• Kernel Ridge Regression (KRR) ⇒ It combines ridge regression with the ker-
nel trick, which implies learning a nonlinear function by performing linear
regression after projecting the data in a high dimensional feature space. The
method is implemented with the SciKit library in Python, using the radial ba-
sis function (RBF) kernel and maximum regularization (which is specified by
the parameter α = 1).

• Gaussian process regression (GPR) ⇒ It is a method of computing distribu-
tions over continuous functions that conform to a finite number of observa-
tions or measured values. The GPR model, also implemented directly in Python,
uses a kernel similar to the one employed in KRR, with σ0 = 0.5 and 5 opti-
mization restarts.

• Artificial Neural Networks (ANNs)⇒ The ANN architecture is comprised of
only one hidden layer with 25 neurons. The learning process was performed
for 5000 epochs, with a batch size of 25 and a learning rate of 0.001. The loss
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(A) (B)

FIGURE 6.4: (A) Bandstructure of an ideal Lieb lattice with NN inter-
actions, along with the first Brillouin zone. (B) Bandstructure of an
ideal Kagome lattice with NN interactions, along with the first Bril-

louin zone.

function is the mean squared error and the optimizer that we chose was Adam.
For the evaluation of the train and test errors, we use the R2 coefficient of
determination.

The train set contains Ntrain = NV × Nint examples, where NV is the number of
potential configurations and Nint is the number of relative Coulomb interactions se-
lected for the learning process (namely vC = 0.1, 0.5, 0.9). The results are indicated in
Figure 6.3. The linear method (MLS) gives a reasonable coefficient of determination
(R2 = 0.85), but, as it was expected, it is outperformed by the non-linear methods:
KRR(0.91), GPR (0.92) and ANN (0.96). Although the R2 values are comparable, the
ANN performs better overall. In Figure 6.3 we also represented how the coefficient
of determination for the ANN model varies for different sizes of the training sets.
As expected, the R2 value is the highest when the size of the training set is increased
(R2 = 0.97).

Our study shows that it is possible for this class of ML models to predict the
entire many-particle spectrum of 28 eigenvalues with quite high accuracy, having as
input an Ng + 1 feature vector. The non-linear methods, like KRR, GPR, ANN, bring
a considerable improvement (almost 10%) in the accuracy as measured by R2, which
could be pivotal in the design of optoelectronic devices.

6.2 Two-dimensional systems with periodic boundary con-
ditions -Lieb lattices

6.2.1 Introduction

Two dimensional topological lattices, such as Lieb and Kagome lattices have been
extensively studied due to their exotic features related to the Dirac cones and flat-
bands that emerge in their band structures. Non-trivial flatbands, driven by destruc-
tive interference, are investigated in the context of highly degenerated single particle
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FIGURE 6.5: A Lieb lattice transitions into a Kagome-like structure
if the hopping parameters are modified in a manner that favours the

overlap between the orbital wavefunctions on the B and C sites.

states leading to strongly correlated phenomena, topological states, superconductiv-
ity, strong suppression of magnetic coupling [111, 112]. In Lieb and Kagome lattices,
both of these peculiar features coexist in different arrangements due to their sim-
ilar geometrical structures. Lieb lattices are edge centered squared lattices, while
Kagome lattices are 2D triangular corner-sharing networks [113] (see Figures 6.4).
Two dimensional lattices are also suitable candidates for the study of YSR (Yu-Shiba-
Rusinov) states which emerge after a magnetic impurity is placed on a supercon-
ducting substrate, but display a high decay rate in 3D structures.

The distinctive feature of the Lieb lattice is the flatband which lies between the
upper and lower dispersive bands and the Dirac cone at point M, where all the
energy bands touch to form a cone-like dispersion relation, similar to the one in
graphene (see Figure 6.4a). The dispersion relation of a structure (the energy band)
encompasses the fundamental electronic properties of a solid. The common case
is when the energy is parabolic and displays a quadratic dependence on k. A lin-
ear dependence on k, such as the one encountered in graphene, which leads to the
emergence of the so-called massless Dirac particles. This linear dispersion relation
is at the root of the most defining properties of graphene, such as its semi-metallic
state and high electronic mobility. Recently, graphene has become important also
from the perspective of topological effects. One last type of dispersion relation is the
flatband, with quenched kinetic energy that suppresses wave transport. However,
flatbands that are the result of destructive interference are rare and they require a
certain symmetry or fine tuning of the couplings. The flatbands are interesting for
multiple reasons, for example they are prone to electronic instabilities and sponta-
neous symmetry breaking when they are close to half filling and they lead to highly
correlated phenomena. The presence of the flatband does not only depend on the
lattice symmetry, but also on the hoppings that are included in the model. In the
case of the Lieb lattice, the flatband actually becomes dispersive if the next-nearest
hoppings are included.

While Lieb lattices do not occur naturally, the option to design artificial mate-
rials in the lab combined with the growing interest in the theoretical formalisms
that explain 2D mesoscopic structures, topological lattices have become an exciting
platform of research in condensed matter. The design of atomically precise nanos-
tructures, where the position of each atom can be accurately controlled is an on-
going pursuit in the research community. The possibility to create artificial struc-
tures opens a path for designing materials with tunable band structures and implic-
itly tunable electronic properties [114]. From an experimental point of view, this is
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FIGURE 6.6: Bandstructures obtained numerically with a continuous
model for the three configurations I, I I, I I I.

achievable now by the use of scanning tunneling microscope (STM), atomic force
microscope (AFM), lithography techniques. While some of this methods are not
viable for an eventual industrial level of production, they offer the ideal opportu-
nity to test and gain better insight into topological properties and how they could
be exploited technologically. In [115], the authors have demonstrated that the char-
acteristic features of a Lieb lattice can emerge from an experimentally synthesized
phthalocyanine-based metal organic structure. In 2017, Drost et al. [116] presented
an experimental technique to create custom band structures with the STM, by recre-
ating the geometry of the Lieb lattice with chlorine vacancies on a Cu(100) surface.

In order to achieve novel experimental results, one also needs a good under-
standing of the key theoretical concepts and mainly how the symmetry of a lattice
controls the band structure. To this point, the theoretical formalism that we rely on
is the tight binding (TB) model [45]. However, the assumptions of the TB model
are idealized and it is challenging to achieve all the conditions in a real material. In
the Lieb lattice, for example, the flatland becomes dispersive when the next nearest
neighbors are accounted for. The main difficulty is that we have no clear theoretical
picture that could lead to an experimental discovery and the nontrivial topological
properties are elusive for the experimental community [115]. Also, the tight binding
parameters are not directly related to parameters that can be controlled experimen-
tally.

6.2.2 Results

We focus here on tuning the electron band structure of Lieb-like lattices using a con-
tinuous model, which is more realistic from the perspective of the lithography tech-
nique. Each atom in the lattice now corresponds to a potential well of given (circular)
shape and, by imposing periodic boundary conditions, and by tuning the potential
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wells accordingly, we first reproduced the band structure of an ideal Lieb lattice. For
different potential configurations, we also obtain the gapped band structures with
flat bands, predicted by the tight binding models. By varying the essential parame-
ters (potential energy, radius, distance, shape and position of the quantum wells etc.)
we can create classes of similar systems which may be further explored efficiently by
employing machine learning techniques.

If the system is periodic and translational invariance is preserved, we can rewrite
the Hamiltonian as follows:

Ĥkuk(r) =

[
h̄2

2m
(−i∇+ k)2 + U(r)

]
uk(r) = εkuk(r)

ψ(r) = eik·ru(r) uk(r) = uk(r + R),

(6.4)

where

U(r = VA(r) + VB(r) + VC(r). (6.5)

Using this formulation of the Hamiltonian and imposing periodic boundary con-
ditions, we can diagonalize it numerically and obtain the bandstructure. We used
this appraoch to study the possible tuning of the bandstrutcture of Lieb-like lattices.
For this particular case, we ignored the Coulomb interaction and the potential U(r)
is composed of the three circular quantum wells VA, VB and VC, in order to mimic
the symmetry of the Lieb lattice. We explored three cases, varying the depth of the
potential wells and the distances between them, slightly altering the symmetry of
Lieb lattice.

In this first case, we studied the change in the band structure when the quantum
well potential VA is varied, while potentials VB and VC remain equal. The reference
potential is VB = VC = −0.2 eV, and we distinguished two cases: (i) VA > VB :
there is a gap between the 2nd band (flatband) and 3rd band and (ii) VA < VB : the
gap appears between the 1st band and 2nd band (flatband). Similar results were
obtained from tight binding and atomistic models.

In the second case, we studied the change in the band structure when the quan-
tum wells B and C are brought closer to the corner of the structure (quantum well A),
while all the potentials remain equal to the reference value of -0.2 eV . The flatband
(2nd band) is now found in the middle of the gap formed by the other two bands
(1st and 3rd bands).

In this third case, we investigated the influence of the displacement of quantum
wells B and C towards the centre, while all the potentials remain equal to the refer-
ence value of -0.2 eV . By comparison to the geometry of the Kagome Lattice, one
would expect to see a flatband at the top. However, the shape of the quantum wells
has to be also adjusted, in order to increase the overlap between the states localized
at B and C sites. The results are presented in Figure 6.6.

We modified the shape of the quantum wells B and C, so that they have elliptical
shapes which would lead to a greater overlap between the wavefunctions. In this
configuration we came closer to recreating a Kagome band structure from a square
geometry (see Figure 6.7 (a)).

Employing ML approaches, we also aimed to predict whether a particular quan-
tum well configuration would exhibit a dispersionless band. The ANN-based model
uses as features the potential difference between quantum wells A and B/C and the
the displacements of quantum wells B and C. The output to be predicted is the band-
width of the second band, which we define as the difference between the maximum



6.2. Two-dimensional systems with periodic boundary conditions -Lieb lattices 119

FIGURE 6.7: a) Bandstructure of the configuration displayed above,
where we modified the shapes of the potential wells in order to ap-
proach a Kagome-like lattice type. b) The results obtained with ANNs
for predicting the system geometries and potential well depths that

favour the formation of flatbands.

and minimum point of the E(k) curve. The artificial neural network was trained
on 5250 potential configurations and we used a set of 750 systems for testing.The
network has 5 hidden layers and we used the "ReLU" activation function between
all of them. Also, the model was trained for 1200 epochs, with a batch size of 20.
We obtained a coefficient of determination of 94.6% and the plot of predicted values
versus ground truth is displayed in 6.7(b).
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6.3 Quantum interconnects

	 �� The main results presented in this section were published in [117]

6.3.1 Introduction

Neuromorphic computing refers to systems that are inspired by the biological struc-
ture of the human brain and it aims for a higher capacity of data storage and pro-
cessing, while demanding lower power consumption than conventional comput-
ing hardware devices. Neuromorphic systems should, by definition, try to mimic
the type of information processing in the human brain. These systems are usually
comprised of electronic neural architectures that implement circuits with neurons
as their building blocks and synapses as their connections. While this is, of course,
strikingly similar to how we described the architecture of an ANN, this concept is
distinct from ML and AI techniques because rather than being based entirely on soft-
ware development, it deals with actual hardware implementations of the abstract
concept at hand [118]. A precise definition of neuromorphic computing is still some-
what controversial [118]. It ranges from demanding a very accurate similarity to the
principles of neuroscience to loosely biologically-inspired principles that are trans-
lated to simple linear algebra concepts, such as having an input vector multiplied by
a matrix of synaptic weights.

In this section, we explored multiple configurations of neuromorphic electron
waveguides, venturing into the new and exciting fields of neuromorphic computing
and quantum interconnects [117]. The many-electron states in the 2D systems were
rigorously described through the ED method, presented theoretically in section 3.6.

We focused on the charge localization in the dendritic-like structures and inves-
tigated the control of the electronic states by external fields, which is highly relevant
from the perspective of switching the charge density between inputs and guiding
the transport to the output register. In parallel, a cGAN approach was implemented
in order to achieve potential-to-charge mappings. From an experimental point of
view, the charge distribution can be extracted from the tunneling current measured
in a perpendicular direction. The reconfigurable device we proposed enables an ef-
ficient design of quantum interconnects (QIs), aided by image-to-image translation
techniques.

6.3.2 Model system and methods

The quantum interconnects are assembled on a square shaped area 2d× 2d, where
d is half the size of the square side, similar to our approach for the 2D system of
the previous section. The crucial difference comes into play when we define the
confining potential, using Nwg = 4 input waveguides with shapes defined by the
generalized logistic function, also known as the Richards curve:

f (x) = A +
K− A + L(

C + Qe−B(x−M)
)1/v . (6.6)

The parameters B = 6.0/d (growth rate), C = 1, K = d/2, Q = 1/2, v = 1/2 are
fixed and they set the curvature of the waveguides. Meanwhile, A = −3d/4,−d/4, d/4,
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(A) (B)

FIGURE 6.8: Schematic representation of the reconfigurable 2D sys-
tem. (A) A layer with floating gate array of quantum dots controls
the confinement potential in the active layer, while the STM tip per-
forms both the charging of the floating gate QDs and the read-out
of the charge densities. (B) Top view of the active layer, where the
quantum interconnects are represented. Quantum dot registers are
connected to the input and output terminals, supplying and collect-

ing electrons [117].

and 3d/4 represent the y positions for each of the four waveguides. The L pa-
rameter sets the y-position of the outgoing lead, while the M parameters influ-
ence the x-positions of the branching points. A large class of QI systems can be
generated in this manner by varying the L and M parameters. For a given QI,
L = r1 · d/2, with r1 ∈ (−2.5, 0.5) is a random number. For each waveguide, we
choose M = (δ + r2/2) · d, where r2 ∈ (0, 1) and δ = 0 for outer leads (in1, in4) and
δ = −1/2 for the inner ones (in2, in3). The outcome is the waveguide structure with
four incoming leads merging into one outgoing lead, as one can see in Figure 6.8b.

The width of the waveguides ∆wg is kept constant for all leads. In order to keep
the constant width of the waveguide, they were carved out of a potential block of
height Vb, using a circular shape with radius R0 while moving along the path given
by Equation 6.6, so that we obtain a uniform ∆wg = 2R0. The theoretical design
proposed here makes use of existing technologies like floating gate arrays and STM.

Experimentally, the manipulation of the many electron states in the proposed
device can be realized by varying the confining potential in order to increase charge
localization in the desired output terminals. To describe the many-body quantum
system theoretically, we employ the exact diagonalization method that we discussed
in detail in Section 3.6.

6.3.3 Convoluting Charge Density Maps

The read out process of the charge density profile could be achieved by measuring
the tunneling current detected with the aid of scanning tunneling microscopy. STM
imaging is based on tunneling phenomena between the metallic tip of the instru-
ment and the sample, leading to a tunneling electrical current. The current depends
on the local density of states and, similarly to this case, we assume that the tunnel-
ing current map corresponding to the quantum interconnects directly depends on
the charge density distribution of the many-particle ground state. The workflow of
our approach is described schematically in Figure 6.9. Our assumption is that the
tunneling current map (TCM) can be simulated by a convoluted image of the charge
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FIGURE 6.9: Workflow displaying the steps of this computational
study of QIs. The exact diagonalization method gives the charge den-
sity maps of the 2D system and the TCMs are obtained by applying a
Gaussian filter to the images. Using a ML algorithm based on cGANs,

the TCMs are deconvoluted back into CDMs.

density map (CDM) that was exactly determined through accurate numerical meth-
ods. In short, we create a blurred version of the ground state density and consider
this to be the input for a ML model that aims to deconvolute experimentally obtained
charge density profiles.

The simplest filter that we could employ is a two dimensional Gaussian filter,
defined as:

G(x, y) =
1

2πσxσy
exp

[
−
(

x2

2σ2
x
+

y2

2σ2
y

)]
. (6.7)

where σx and σy are the standard deviations along the x and y directions. In order to
try to mimic a more experimentally realistic situation, we will look more closely into
the cases where σx ̸= σy and also account for the influence of random noise (denoted
by σn). The Python code used to blur the images is presented the Appendix H and
one can check Figure 6.12 for reference.

6.3.4 Results and discussions

Predicting Charge Localization and deconvoluting Tunneling Current Maps

We studied closely two categories of QIs, depending on the width of the input and
output leads (R0 = 10 nm for the narrow leads and R0 = 20 nm for the wide leads),
as can be seen in Figure 6.11. Let us begin with the simplest case, that corresponding
to one single electron being injected into the quantum interconnects. From the first
row of Figure 6.11, one notices that the charge is localized into one area, in the region
where the incoming and outgoing leads meet. There is no electrostatic interaction in
this case, which means the system tends to simply minimize the kinetic energy and
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FIGURE 6.10: Deconvoluting tunneling current maps (TCMs) and
comparison with the reference CDMs (charge density maps): (a) σx =
σy = 1, σn = 0.01; (b) σx = σy = 3, σn = 0; (c) σx = 3, σy = 1, σn = 0;
(d) σx = 1, σy = 3, σn = 0; (e)σx = σy = 1, σn = 0.1; ( f )σx = 3, σy =

1, σn = 0.1

there is no interplay between the kinetic and potential terms of the Hamiltonian.
Also, the single particle case is easily scalable to simplified many-particle configura-
tions with null Coulomb interactions.

As more electrons are being taken into account (in this study we went up to four
particles), the Coulomb repulsion drives the charge density to regions with stronger
confinement. Notice from the following three rows in Figure 6.11 that the charge
density distribution shifts towards the leads as there are multiple peaks in the pro-
file. There is now a trade-off between the kinetic energy, which increases in more
confined areas, and the electrostatic interaction, which in turn decreases when there
is a larger separation between the charged particles. This exchange between the
defining terms in the Hamiltonian is evident when comparing the case of the nar-
row leads to the case of the wider ones. As the number of electrons is increased, we
expect to see a smoother distribution since we are approaching a mean field descrip-
tion of the quantum system.

Since the ED simulations are demanding from a computational perspective and
the number of possible neuromorphic configurations increases abruptly with the pa-
rameters that determine the confining potential, we explored an efficient and accu-
rate ML approach based on cGANs. This machine learning algorithm which predicts
the charge density maps for different potential maps almost instantly once it was
trained. The image-to-image translation is implemented using the pix2pix method
developed by Isola et al. [105], the same ML technique we employed in [54].

The cGAN architecture is basically defined by the generator and discriminator
networks, as we described more thoroughly in Section 4.5.1. The input size of the
image is 64× 64× 1 (one color channel), which goes into the U-Net of the generator.
The encoder of the U-Net has 6 layers, using the LeakyReLU activation function, and
the decoder has the same parameters, with the caveat that the activation functions
are ReLU (for the first 5 layers) and tanh (for the last layer). The discriminator is
a PatchGAN classifier with 5 layers, input size of 64× 64× 2 (because it is dealing
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FIGURE 6.11: The reference (ground truth) and predicted charge den-
sity maps for N = 1, 2, 3, 4 confined electrons, in systems with (a) nar-
row leads, R0 = 10 nm and (b) wide leads, R0 = 20 nm. The effect of
the Coulomb interaction is evidenced in the extension of the charge

distribution, as discussed in the current section.

in image pairs), zero-padding and a stride sequence of (2, 2, 2, 1, 1). The ADAM
optimizer was employed, as per usual, with a learning rate of 10−4 and momentum
parameters β1 = 0.5 and β2 = 0.999.

In figure 6.11, the predicted charge densities are shown alongside the ground
truth images. The simplest case is the non-interacting one, where the highly local-
ized charge density is easily reproduced by the ML model. The algorithm exhibits
higher errors as we slightly increase the number of particles in the system. The
pix2pix code has to predict peaks that appear randomly distributed to a model that
has no a priori knowledge about the physical intricacies of the quantum device. As
the number of particles increases even further and the charge density extends all
throughout the two dimensional system, the cGAN finds it again easier to make ac-
curate predictions. More details on the metrics that we employed to measure the
accuracy of the model are given in the articles we published on this topic [54, 117].

Also, we investigated how efficient the cGANs are at deconvoluting the TCMs.
The simplest case is represented by a two-dimensional Gaussian filter with equal
standard deviations σx = σy = σ. As you can see in Figure 6.12, for a small value
of σ = 1, there is a barely noticeable change in the TCM compared to the reference.
Even by increasing the standard deviation σ = 3, the image translation method
provides a similar accuracy, as the kernel of the Gaussian filter remains symmetric.
Even asymmetric kernels, with a larger standard deviation on either the x-direction(
σx = 3, σy = 1 ) or on the y-direction

(
σx = 1, σy = 3

)
, do not lead to significant

and noticeable errors in the prediction accuracy. We can conclude that the stan-
dard Gaussian kernel is easily recognizable by the cGAN. However, the noise has a
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FIGURE 6.12: Switching of the charge density localization induced
by a rotating in plane electric field, where Ex = −E0 cos (θ), Ey =

−E0 sin (θ) and E0 > 0.

more significant impact. A symmetric kernel
(
σx = σy = 1

)
, which, in addition, has

a noise component with σn = 0.1, transforms the CDM into a rather different map.
In this case, although, overall, the predicted image well resembles the reference, the
prediction accuracy is visibly lower.

Manipulation of many-body states by in-plane electric fields

Next we modified the confining potential by adding in-plane electric fields in the
range of [−50, 50] meV in both directions e⃗x,y, such that:

Vconf(x, y; E) = Vconf,0(x, y) + ∆V(x, y; E), (6.8)

where Vconf,0(x, y) is the potential profile in the case if zero electric field. The purpose
is to investigate the possibility to manipulate the localization of the charge density
without using any magnetic fields, only by slightly modifying the confining poten-
tials. We looked at the single particle case and also the interacting bi-particle case in
this analysis.

When the field is oriented along the e⃗x direction, the charge is gradually driven
towards the input terminals, as one can see in Figures 6.13 and 6.12. When the in-
plane field is oriented along the e⃗y direction, the switching occurs between the outer
terminals along the vertical direction. At maximum values of the electric field, the
outer input terminals are the most populated. We have noticed that the output ter-
minal is typically depleted if it is placed in the middle of the active region. Since in
Figure 6.13 (b), the output terminal is placed in the upper half, it retains a consider-
able amount of charge.

6.3.5 Conclusions

We proposed a reconfigurable two-dimensional device and a cGAN-based method-
ology in order to efficiently design neuromorphic systems, that can successfully
transfer charge and spin between quantum dot registers. The system we studied can
also perform the functions of active switching elements. Moreover, the approach we
presented is highly versatile and can be employed for the inverse design of quantum
multi-terminal devices.



FIGURE 6.13: Switching of the charge density localization induced
by in-plane electric fields oriented along: (a) e⃗x and (b) e⃗y . For each
case, we depicted the confinement potential in the first column, fol-
lowed by the charge densities for the non-interacting single particle
(N = 1) and interacting (N = 2) bi-particle cases. The second and
fourth columns correspond to the ground truth (reference) particle
density, while the third and fifth columns represent the predictions
made with pix2pix. The green shade in the potential map denotes a
lower potential energy and the yellow one depicts the transition to

larger values of the potential energy.
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6.4 Double channel nanotransistor

	 �� The main results presented in this section were published in [119]

6.4.1 Introduction

Moore’s law has been the governing principle of the semiconductor industry since
the 1960s [120], stating that the number of transistors that can be fit into a micropro-
cessor doubles approximately every two years. However, this principle is already
beginning to falter, as semiconductor processing technology passed the sub-10 nm
mark [121, 122]. Therefore, the development of nano-transistors which overcome
the short channel effects that emerge along with their reduced sized is critical in the
current technological landscape [123, 124].

Along with the down-scaling of electronics devices, ballistic transport has be-
come the dominant transport mechanism in nanoscale transistors, since the conven-
tional drift-diffusion models are no longer suitable for describing the carriers in the
mesoscopic channels. Also, low dimensional materials and alternative designs for
the field effect transistors have become an essential field of research in the las decade.
This chapter is solely focused on a double channel nanotransistor that could over-
come some of the challenges of downscaling and open up the way to low operating
voltages that are highlysuitable for low energy applications [119].

6.4.2 Nanotransistors in the Landauer-Büttiker formalism

As we have already pointed out, the prominent progress of the semiconductor in-
dustry in the last couple of decades has warranted extensive interest in both the ex-
perimental and theoretical aspects of quantum transport. Once the channel lengths
of the transistors decreased below 20-40 nm, short channel effects become significant
and below 10 nm quantum transport becomes the dominant transport regime. Short
channel effects arise due to a decrease in electrostatic control of the device through
the gate potential and manifest themselves as a lowering of the threshold voltage
when the gate length is reduced or the drain potential is increased [125, 126].

From this perspective, a description of nanotransistors in the framework of the
Landauer-Büttiker (LB) formalism is a suitable approach for the transport problem.
Several papers were published on this subject, working with a compact transistor
model based on the fundamentals of the LB theory and, also, the R-matrix and NEGF
formalisms adapted to a multi-terminal quantum system [126, 127, 128, 129].

We briefly describe here the R-matrix based approach for a two-terminal device
as the one represented in figure 6.14, that encapsulates the structural elements of a
traditional MOSFET. The source and drain are modeled as conventional leads of a
multi-terminal system (Ωs), with the potential energy in the region taking de form:

V (⃗r ∈ Ωs) = Vs (⃗r⊥;s)− eUs/d, (6.9)

where Us/d is the source/drain potential. The scattering solutions originating from
contact s can be written as:
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FIGURE 6.14: (a) Simple scheme of a nanotransistor modeled from
the point of view of quantum transport, where the channel region
acts as the central scattering region and the source and drain contacts
are represented as right and left leads. (b) Variation of the longitudi-
nal potential (VL) in the scattering region, with respect to the channel
length, according to equations 6.17, where UD is the drain potential.

Ψsn (⃗r ∈ Ωs′ , E) = exp (−iksnzs)Φsn (⃗r⊥;s) δs,s′ +∑
n′

Ss′n′,sn(E) exp (iks′n′zs′)Φs′n′ (⃗r⊥;s′) ,

(6.10)
where s, s′ are the lead indices, n, n′ account for the transverse modes in the lead and
Ss′n′,sn is the S matrix. The transverse modes are solutions of the following eigen-
value problem: [

− h̄2

2m∗
∆⃗r⊥;s

+ Vs (⃗r⊥;s)− eUd − E⊥ν

]
Φν (⃗r⊥;s) = 0, (6.11)

where we defined ν = (s, n) as a composite index, for simplicity of the notation. The
total electrical current in terminal s is:

Is =
2e
h ∑

s′

ˆ ∞

−∞
dE [ f (E− µs)− f (E− µs′ ]) Ts′s(E) (6.12)

The total transmission between the terminals s and s′ can be written as as a sum:

Tss′(E) = ∑
i

T2D
ss′ (E− Ei) (6.13)

where T2D is the transmission for an ideal 2D transport problem and

Ei = i2

(
h̄2

2m∗

)(
π

Lz

)2

(6.14)

are the energy levels for the transverse modes in the leads, modeled as the solutions
for a simple particle in a box problem, with Lz being the width of the transistor. If
one works in the single mode approximation where strong transverse quantization
is assumed, then only the lowest transverse energy level is taken into account.

This model does not take into account tunneling currents to the gate and also
assumes a separable form for the potential in the scattering area:

V (⃗r ∈ Ω0) = VL(x) + VT(y), (6.15)
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FIGURE 6.15: In a double-channel nanotransistor, an extra buried ox-
ide substrate is added to the standard SOI wafer.

where VT is the confinement potential in the channel that would be present in a
MOS structure without any source/drain contacts attached. This potential was thor-
oughly discussed in [130, 131]. The longitudinal potential arises from the applied
source-drain voltages. Assuming that VS = 0, VG = 0 and that the voltage drop
across the channel varies linearly, one can consider the following equation for VL:

VL(x) = − x
L

eUD (6.16)

The effective scattering potential in the device can be summarized as follows
[124]:

V̄e f (x) =


0 for x < 0
−eUDx/L for 0 ≤ x ≤ L
−eUD for x > L

(6.17)

All these assumptions make the quantum system easier to solve analytically, but,
as we will discuss in the next section, we will shift to a more detailed numerical
description in order to obtain better results for the two channel nano-FET.

6.4.3 Double-channel nanoFET

The device we study is a Si/SiO2-based field effect nanotransistor, which exploits of
the tunneling between two parallel conduction channels and allows for the switch-
ing of the drain current with small gate voltages, thus opening the way to low-
energy applications. We call this proposed device a two-channel tunneling field
effect transistor (2CTFET). This 2CTFET can be realized on a double silicon-on-
insulator (SOI) substrate which is shown schematically in Figure 6.16. In [119], we
explain how the 2CTFET can be derived from an SOI transistor. In a standard Silicon-
On-Insulator (SOI) transistor, the fundamental structural components include the
silicon (Si) substrate, the buried oxide (BOX) layer, and the silicon film. Subse-
quently, the source, drain, back gate, top gate oxide, and top gate are incorporated.
In a double SOI substrate nanotransistor, an additional buried oxide layer is intro-
duced into the standard SOI wafer (see Figure 6.15). As a result, the silicon film is
divided into two distinct layers, which can be as thin as 2 nm. These layers function
as two quantum wells, coupled by the thin buried oxide layer, which serves as a
tunneling barrier. The quantum well in the lower SOI layer is selectively connected
to the source, while the quantum well in the upper SOI layer is selectively connected
to the drain. In this proposed model for the 2CTFET, the drain current only occurs
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Quantity Notation Value

Well thickness DW 3 nm
Effective mass m∗ 0.32×m0

Channel length L 30 nm
Height of tunneling barrier VB [1, 2]eV

Top gate potential VG [−0.2, 0]eV
Drain voltage UD [0, 0.2] V

Device temperature T 10 K
Tunneling barrier thickness DB [1, 3] nm

Gate insulator thickness DG 8 nm

TABLE 6.1: Relevant quantities and notations for the nanoFET

FIGURE 6.16: 2D scheme of the two-channel nanotransistor proposed
in [119].

under lateral resonant tunneling conditions, which leads to the resonant tunneling
peak in the transfer characteristics, as we shall see in the following.

In our simulations, we are mainly interested in the transmission function and, by
means of the Landauer-Büttiker formalism, the drain current. We analyze the results
for one configuration, where the lateral dimension of the source/drain contacts is
DC = 3 nm, the height of the central tunneling barrier is varied between 1 and 2 eV,
the thickness of the barrier is set at DB = 2 nm and the channel length is considered
L = 30 nm. Also, we consider in our simulations an isotropic effective mass of
m∗ = 0.32m0. The configuration of the double channel nanotransistor is represented
in Figure 6.16 and the relevant quantities are introduced in Table 6.1.

Potential map from the Poisson equation

Along with the reduction in size of the MOSFETs and the implicit quantum effects
that arise, one needs to take into account the effect of quantum confinement on the
carrier charge distribution. Since quantum confinement directly impacts the distri-
bution of free charge carriers, then the electrostatic potential is also modified, which
in turn affects the density profile of the charge carriers. This self-consistent cycle
is implemented through a variety of methods, each one searching for an ideal bal-
ance between computational cost, system dimensionality, numerical accuracy and
convergence of the calculations. For example, the NEGF formalism coupled with
the Poisson equation in a self consistent cycle is widely used to analyze quantum
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FIGURE 6.17: Potential maps from the Poisson equation

transport in semiconductor nanodevices. The core of the self-consistent calculations
lies in the fact that the electrostatic potential modifies the values of the diagonal en-
tries of the Hamiltonian matrix, while the source terms of the Poisson equation are
given by the results of the NEGF simulations [132]. Continuum models based on
the k · p theory have also been proposed, aiming to reduce the computational load
while maintaining accurate results [133]. The coupled Schrodinger-Poisson equa-
tions were also solved for the case of a cylindrical nanotransistor with the R-matrix
formalism in [134]. The R-matrix method possesses numerical advantages when
dealing with large energy sets, as we discussed previously, but it is not suited yet
for simulations at higher temperatures. Besides discussions about numerical im-
plementations and appropriate theoretical quantum transport models, solving the
Schrodinger-Poisson equation also requires increased attention to the boundary con-
ditions. Dirichlet boundary conditions correspond a fixed applied potential, while
von Neumann conditions impose that the electric field orthogonal to the boundary
is zero. Usually, the gate electrode is described by Dirichlet boundary conditions.
However, the nature of ballistic transport and the open boundary conditions of the
NEGF formalism impose Neumann type boundary conditions for the source and
drain contacts, in order to maintain charge neutrality, as it is discussed in [132, 135,
136].

−∇ · (ϵ∇ϕ) = q(−n + p + N), in Ω0,
ϕ = ϕelectrode , on ΓD/S,

∂ϕ

∂m⃗
= 0, on ΓG.

(6.18)

Applying drain and gate (Vd, Vg) potentials modifies the scattering potential in a
more complicated manner than the simple linear model assumed in the theoretical
model.

For our simulations, we considered a simplified version of the system and solved
the Poisson equation for the scattering region of the nanotransistor with null source
term. The Dirichlet type boundary conditions were defined on a rectangular shaped
region, defined by the intersection of the scattering region with the drain/source
electrodes (to the left and right of the system) and with the top and bottom gates.
We have analyzed the system in two different configurations, one in which the top
and bottom gates have applied voltages of ±Vg/2 and the second one where the
potential on the bottom gate was always null and the top gate controlled the trans-
port. Without the barrier that separates the two conduction channels, some of the
potentials maps are represented in Figure 6.17, for the symmetric configuration. For
an efficient calculation of the solutions of the differential equation, we employed the



132 Chapter 6. Device modeling

(A) (B)

(C) (D)

FIGURE 6.18: Transmission function (source-to-drain) with no ap-
plied voltages, (Vd, Vg) = (0, 0); comparative analysis between R-
matrix and KWANT. Transmission funcrion at Vd = 0 eV si Vg =

0, 0.1, 0.2 eV; comparative analysis between R-matrix and KWANT

Python package scipy, which includes effective routines for solving linear systems
with the aid of sparse matrices. To this potential profile, we add the energy offset
from the constant barrier in centered in the middle of the scattering region.

−∇ · (ϵ∇ϕ) = 0, in Ω0,
ϕ = ϕelectrode , on ΓD/S/G,

(6.19)

Numerical simulations

The first step in our analysis is to compute the I-V characteristics of the 2CTFET. We
are interested in the low voltage properties, so we will only examine drain and gate
voltages between [0, 0.2] V. The R-matrix code outputs the transmission through the
device, and using the subroutine in Appendix I, we computed the current employing
the Landauer-Büttiker (see equations 6.12, 6.13 and 6.14). While the structure of the
output characteristic is similar to that of a MOSFET, we notice that the drain current
in the case of the 2CTFET actually decreases with an increasing gate voltage.

In order to run multiple simulations as time efficiently as possible, we use the
MPI library to approach multiple Id(Vd, Vg) pairs at once. We compute transmission
functions and currents for 2000 voltage configurations and recreate the output char-
acteristic of the 2CTFET in Figures 6.20. The figures mentioned before correspond to
two possible configurations of the device: in the first we apply a top gate potential
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(A) (B)

(C) (D)

FIGURE 6.19: (A), (B) Drain current vs. gate voltage for several drain
voltages, UD = 0.05, 0.1, 0.2 V, calculated using the tight-binding
model, for (A) Vb = 1eV and (B) Vb = 2eV. Notice the decrease of
JD with UG. The insets show the same data plotted against the po-
tential energy, Vg, found at x = L/2 (the edge of the upper channel,
y = 0).(B), (C) Drain current vs. drain voltage for several gate volt-
ages, UG = 0, 0.1, 0.3 V, for (C) Vb = 1eV and (D) Vb = 2eV. Notice

the almost linear increase is at low UD voltages.

of Vg/2 and a bottom gate potential of −Vg/2, while in the second we only apply a
potential on the top gate.

While the accuracy of the R-matrix based numerical model depends on the num-
ber of components of the Fourier basis, The KWANT package becomes comparable
to a continuous model once the lattice constant is decreased enough. For the two
channel nanotransistor, we studied the efficiency of both models for a wide set of
different configurations and the results are highly similar.

Discussion and Results

In Figure 6.19(A,B) we represent the drain current as a function of the gate volt-
age for three values of the drain bias and for two values of the barrier between the
two channels (Vb = 1 eV and for Vb = 2 eV). Note that at UG = 0 the character-
istic displays a peak even for small drain voltages. Our assumption is that at zero
gate voltage the two quantum wells in the device are symmetric and the wavefunc-
tions are localized in both of the channels. This leads to a significant drain current.
When the relative asymmetry between the two quantum wells increases (by increas-
ing the gate voltage, for example), the lateral tunneling current between the source
and drain is highly diminished and the transistor switches from the ON to the OFF
state. By varying the drain voltage, there is an almost linear increase in the drain
current for the same two barrier sizes (see Figures 6.19C,D ). Again, it is evident that
increasing the gate voltage leads to a steep decrease in the drain current, reflecting
the ON-OFF transition of the nanotransistor. The same is evident from Figures 6.20,
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(A) (B)

(C) (D)

FIGURE 6.20: (A) The drain current Id as a function of the drain volt-
age Vd and top gate voltage, in a configuration where the top-gate
voltage is (Vg/2), the bottom-gate voltage is 0 and Vb = 2eV . (B) The
drain current as a function of the drain voltage for the same config-
uration described in subfigure (A). (C), (D) Heat maps of the drain
current vs. ( UD, UG ) voltages, for (C) Vb = 1eV and (D) Vb = 2eV.
Notice that a peak in JD emerges for large UD voltage and low values
of UG. The ON state of the 2CTFET can be switched to an OFF state

by increasing |UG|.

where the contour-plots confirm the narrow maxima in the drain current around
the set of values (UG, UD) = (0, 0.2)V. Note that in the numerical simulations the
solution of the Poisson equation included the top and bottom buffer oxide layers,
which decrease the potential drop on the active region. For a proper comparison
with the analytical model presented in reference [119] , we plotted in the insets of
Figure 6.19 the drain currents against the potentials found at the upper edge of the
drain channel ( x = L/2, y = 0).

The transmission functions in Figures 6.18 present a series of sharp peaks and are
all represented in logarithmic scale due to their small values. In order to gain a better
understanding of this, we represented the absolute values of the wavefunctions in
the nanotransistor in Figure 6.21, for a set of energies that correspond to minima
and maxima in the transmission functions. For each transverse mode, we noticed
that there is a matching condition between the maxima and minima of the quasi-
stationary waves in the two channels occurs for certain values of the total energy. If
this matching condition is met, the probability of lateral tunneling between the two
quantum wells increases and narrow peaks in the transmissions emerge. We called
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(A)

(B)

FIGURE 6.21: (A), (B) In-phase and out-of-phase matching of quasi-
stationary wave functions (absolute value) in the two channels, ob-
tained for Vb = 1eV. (C), (D) In-phase and out-of-phase matching of
quasi-stationary wave functions (absolute value) in the two channels,
obtained for Vb = 2eV : (C) energies E = 0.231eV and 0.248 eV ; (D)
energies E = 0.601eV and E = 0.622eV. These correspond to peaks

and dips in the transmission function.

this the in-phase wave function-matching condition and it is exemplified in Figure
6.21 for two values of the barriers between the transport channels.

In [119], a more detailed discussion is presented about the features of the 2CTFET
which are favorable for technological applications. One important characteristic is
that the lateral resonant tunneling effect which stands at the core of the 2CTFET does
not depend strongly on temperature. Since thermal effects play a minor role, the
tunneling peaks that define the transfer characteristic persist even at room temper-
ature. In future studies, we will also explore a double-barrier nanotransistor, where
we observe conventional resonant tunneling effects, with peaks in the transmission
functions that come close to unity.

6.4.4 Machine learning techniques

Solving scattering problems for complex systems is computationally demanding and
requires resources and time. While one cannot bypass the high throughput comput-
ing completely, integrating machine learning algorithms into the research process
can accelerate the calculations and push for the discovery of novel devices. To this
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end, we have explored possible machine learning applications built upon the data
we have obtained with the Kwant and R matrix simulations.

Artificial Neural Networks

We have tested the efficiency of ANNs in predicting the drain current from the val-
ues of the gate and drain potentials. After the simulations performed with parallel
the R-matrix code we had at our disposal a set of 2600 data tuples for (Vd, Vg, Id),
that we have divided into 2080 training data (80% of the total dataset) and 520 test

(A)

(B) (C)

(D) (E)

FIGURE 6.22: (A) Architecture of the ANN employed for drain cur-
rent prediction. (B, C) Graphical analysis of the ANN performance
for the prediction of drain currents for test (C) and train (C) data.
(D,E) Graphical analysis of the ANN performance for the prediction
of drain currents for varying sizes of the trainig dataset for test (D)

and train (E) data
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FIGURE 6.23: (a) The architecture of the NN and the relevant parame-
ters. Notation f denotes the number of filters employed in the convo-
lutional layer and k is the dimension of the kernel. Also, "drop" stand

for dropout, a method we described in Section 4.2.3.

data (the remaining 20%). Out of the test data, 20% were also set aside by the net-
work for validation. The gate potential was varied between 0 eV and 0.25 eV, with
a step of 0.005 eV, and the values for the drain potential were set between 0 eV and
0.1 eV, with a step of 0.002 eV. To optimize the training process, the input data was
preprocessed, which involves data scaling, checking the statistical distribution of the
data and eliminating the possible outliers. Also, the analyzed systems should pos-
sess a certain degree of similarity, therefore we chose nanotransistorrs with the same
barrier height (Vb) and we kept the same effective masses and dimensions.

The architecture of the neural network is presented in the Table 6.22a. The train-
ing process was carried out for 1200 epochs, with a batch size of 16 and the optimizer
we chose was ADAM. The efficiency of the model was measured by employing the
coefficient of determination as a metric, which we computed for the training data as
well (see Figure 6.22). By tracking the coefficient of determination throughout the
training, one can avoid a potential case of overfitting. Despite the fact the many of
the configurations result in a null drain potential and the dataset is not very large,
the artificial neural network performs very well and reaches coefficients of deter-
mination of 99%. We have also tested the same ANN architecture for datasets of
reduced dimensions, namely Ntrain = 1560, 1300, 780, and the coefficient of determi-
nation has remained over 90%, although a decrease in performance is noticeable, as
one expected.

Convolutional Neural Networks

The oscillations of the transmission function evident in Figures 6.18 are a defining
characteristic of the double channel nanoFET. For this reason, we oriented ourselves
towards a machine learning model that would be able to predict the transmission
function itself on a given interval. Convolutional neural networks stood out as an
appropriate choice, since they are actively being used not only for image processing
and classification problems, but also for image translation algorithms. In our case,
the change in the architecture of a traditional CNN arises in the last layer of the
network, where we have to define enough neurons to correspond to each point of
the transmission curve.
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FIGURE 6.24: Brief workflow of how the R matrix code is built

For this quantum device, the input data are the potential maps obtained through
numerically solving the Poisson equation. After multiple sessions of trial and error,
we concluded that it is better to consider as input image the whole potential profile,
including the buffer regions that account for the top and bottom gate insulators. In
the numerical simulations, we only considered the scattering region with the two
channel separated by the barrier. For the gathering of data for the machine learn-
ing model, we solved the Poisson equation with a grid of 0.1, to decrease the com-
putational load and time, and subsequently the images were reduced to a smaller
dimension of 60× 60, to make the training process smoother.

The output data were the transmission functions in the energy interval of [0.2, 0.4]
eV. Due to the fact that the values of the transmission function are in the narrow in-
terval of [10−4, 10−8] (for a nanoFET with a tunneling barrier of 1 eV, we applied
the logarithm to the transmission values and multiplied the result with −1, such
that we end up with a set of positively valued input data. Also, the transmission
function was mediated on intervals of 10−3 eV, to decrease the number of output
neurons. The structure of the CNN is represented in table 6.23, where we specified
the relevant parameters, namely the dimensions of the input and output layers, the
structure of the convolutional layers and the number of neurons in the hidden inter-
mediary layers. The model was trained for 6000 epochs, with a batch size of 32, and
the chosen optimizer is ADAM, with a learning rate of 10−4. We had at our disposal
a set of 5000 entries, out of which 10% were used for testing and 20% of the training
data was employed for validation. To evaluate the performance of the model, we
used the coefficient of determination and we obtained a value of 92% (Figure 6.23).
Some of the results were also shown in Figure 6.25.

6.4.5 Conclusions

The transport properties of field effect nanotransistor device we studied in this thesis
can be explained by the lateral resonant tunneling between two parallel conduction
channels. In the transfer characteristics we find narrow resonant tunneling peaks
around zero control voltage allowing to switch the drain current with small control
voltages, which opens the way to low-energy applications.
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(A)

(B)

(C)

FIGURE 6.25: A series of results after training the CNNs. On the left
- the potential map is displayed and on the right - the corresponding
predicted transmission function (logarithmic scale). We notice that
higher errors arise where the transmission has abrupt variations and

narrow peaks.
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7
Quantum Sorters

7.1 Probabilistic quantum sorter

	 �� The main results presented in this section were published in [137]

7.1.1 Introduction

Information theory is a fundamental pillar of technological advancement and has
consistently been a focal point of interest in theoretical physics, engineering, and re-
search and development. Its primary objective is to enable the realization of physical
devices that process information with greater efficiency and at increasingly smaller
physical scales. From an experimental standpoint, achieving this goal implies a
precise understanding and control of both solid-state and optical components of
the device. The field of quantum information emerged from the need to reformu-
late information processing exclusively through the principles of quantum mechan-
ics. Its rapid development in recent decades has been driven by the potential to
harness quantum phenomena—such as interference, superposition, and entangle-
ment—within (nano-)electronic devices. Unlike classical computing, where the fun-
damental unit of information, the bit, is defined by two discrete logical states (0/1 or
ON/OFF), quantum information employs the qubit, which exists as a superposition
of both states [138].

While the exploitation of quantum effects for technological innovation is well
established—exemplified by the Tsu-Esaki diode, superconductors, Josephson junc-
tions, and topological materials—the development of large-scale quantum comput-
ers presents significant challenges. A crucial requirement is the ability to maintain
coherent quantum channels for reliable information transmission. Consequently,
quantum information research can be broadly categorized into two domains: one
focusing on theoretical aspects, such as quantum algorithms, protocols, cryptogra-
phy, and entanglement, and the other concerned with condensed matter physics and
photonics, investigating various materials and techniques for realizing quantum de-
vices [139].
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FIGURE 7.1: (a) Universal quantum sorter proposed in [158, 157], uni-
tary and hence reversible. Incoming particles are incident on spatial
mode 0 and they are subsequently sorted according to the value of
the observable O. In this ideal quantum sorter, a particle with O = n
will exit on output port n with maximum probability; (b) Mesoscopic

quantum sorter that we proposed.

Many applications in quantum information, including logic operations, quan-
tum key distribution, and teleportation, fundamentally require the characterization
of a multi-dimensional Hilbert space to accurately describe the quantum system.
In quantum information processing, a crucial step involves sorting the multiple de-
grees of freedom that define the system, followed by precise measurement [140].

This field has seen significant advancements, particularly in quantum optics,
where the study of quantum sorters has gained considerable attention due to their
efficiency and applicability in quantum communication and cryptography. These
quantum sorters employ photons as information carriers, leveraging different de-
grees of freedom such as polarization and orbital angular momentum [141, 142,
143, 144, 145, 146, 147], total angular momentum [148], radial modes [149, 150, 151],
Laguerre-Gaussian modes [152], spin and radial quantum numbers [153], full-field
mode sorting [154], multimode fiber sorting [155], and all-fiber in-line mode sorting
[156]. However, these quantum sorters are designed to function only for specific
photon properties. A generalized quantum sorter, capable of utilizing any degree of
freedom within a D-level system, was introduced in [157], though it was constructed
for a single input port. Further advancements led to the proposal of a multi-input-
port quantum sorter, designed to perform the simultaneous sorting of D-level sys-
tems [158, 159].

Parallel to the development of quantum optics as a prolific exploratory ground
for quantum information, solid state physics has also positioned itself at the fore-
front of research into more energy efficient and versatile electronics involving the in-
vestigation of advanced quantum mechanical effects, including entanglement, tun-
neling and spin orbit interaction [160]. Widespread charge base devices such as tun-
neling field effect transistors or resonant tunneling diodes have already exploited
the quantum mechanical nature of charge carriers and proved their value not only
in information processing, but also information storage. In the last decades, spin-
tronics has also emerged as a promising field, with spin based logic devices and
spin based memories, exploiting the electron spin as a degree of freedom in quan-
tum information. Quantum dots, which are spatially confined electronic systems,
could be used for realizing new quantum computing architectures. Since electronic
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spin is the fundamental platform for the implementation of qubits, similarly to how
photons can be sorted, electrons could also be sorted according to their orbital an-
gular momentum [161].

The quantum sorter we propose provides a straightforward method to measure
observables, by sorting the output states into different ports according to the eigen-
values and subsequently using particle detectors in each output lead.

7.1.2 Simulation of a probabilistic quantum sorter

Theoretical considerations

A quantum state in the qubit system can be represented as a column vector in
the C2 plane, spanned by the following two basis state:

|0⟩ =
[

1
0

]
, |1⟩ =

[
0
1

]
Therefore, the general state |ψ⟩ can be written as:

|ψ⟩ = α|0⟩+ β|1⟩ =
[

α
0

]
+

[
0
β

]
=

[
α
β

]
where |α|2 + |β|2 = 1.

Consider the situation of two qubit systems that are independently prepared in
states |ψ⟩ = (α0, α1)

T ∈ C2 and |ϕ⟩ = (β0, β1)
T ∈ C2. Then, the total state of the

composite system is described by a vector in C4, obtained as the tensor product of
|ψ⟩ and |ϕ⟩ [139]:

|ψ⟩ ⊗ |ϕ⟩ =
(

α0|ϕ⟩
α1|ϕ⟩

)
=


α0β0
α0β1
α1β0
α1β1

 ∈ C4 (7.1)

Therefore, we have four possible computational basis states, namely |00⟩, |01⟩, |10⟩, |11⟩.
We can thus write the general form of the two-qubit state as follows:

|ψ⟩ = α00|00⟩+ α01|01⟩+ α10|10⟩+ α11|11⟩ (7.2)

where |α00|2 + |α01|2 + |α10|2 + |α11|2 = 1.
This can be generalized further to the qudit system. Specifically, a state in the

d-dimensional qudit system is a superposition of d basis states:

|ψ⟩ = α1|1⟩+ α2|2⟩+ · · ·+ αd|d⟩, (7.3)

where |α1|2 + · · ·+ |αd|2 = 1. In theory, any qudit system could be constructed using
only qubits.

To analyze a quantum sorter type of system, consider two D-dimensional Hilbert
spaces Hsystem and Hport , where the first Hamiltonian is associated to a qudit sys-
tem, while the second one to the states of the D input and output ports. From [158],
rigorously, a multi-input-port quantum sorter is a device acting in the Hilbert space
Hsystem ⊗Hport , that performs the unitary transformation

|s⟩|k⟩ −→ |s⟩|s⟩, with s, k = 0, 1, . . . , D− 1
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FIGURE 7.2: Proposed multi-terminal design of the quantum sorter
and the qualitative transmission probabilities in the ideal and proba-
bilistic case. Ideally, each incoming spin-resolved mode is transmit-

ted into a separate outgoing lead [137].

Also note that each computational gate is a unitary operator, which is a reversible
transformation by nature. However, in [158] it was proved than an ideal multi-input-
port quantum sorter is forbidden by the laws of quantum mechanics, hence we focus
on the implementation of a probabilistic quantum sorter.

The system that we propose here as a concrete version of the quantum sorter is
defined as a multi-terminal 2D mesoscopic system, with only one input lead and
four outputs. The incoming particle is described, quantum mechanically, with two
quantum numbers, namely the spin and the channel (transverse mode). Therefore,
we can describe the incoming state as a superposition of |kνσz⟩, where ν = 1, 2 and
σz = ↑, ↓.

In references [158, 157], the quantum sorter selects the particles characterized by
the property |s⟩ of the quantum system by directing them into the same output port-
state, which is denoted by |s⟩. In the case of the quantum sorter device we proposed,
we work solely in a single-particle framework and assume that in an experimental
setting, one injects sequentially multiple electrons, at the same energy, but different
transverse modes and with different spin degrees of freedom. After repeating this
for a large amount of times, each of the four possible input states of the incoming
particle is transmitted into a different output lead. Our goal in this work is to de-
fine a system that works as a probabilistic quantum sorter in a concrete manner,
by choosing an interaction Hamiltonian that enables the device to separate the
eigenstates into multiple output ports. To this end, identifying a quantum state
does not imply measuring the observable, but detecting of a particle in one par-
ticular output lead. While the device we propose is not reversible, we maintain the
name of "quantum sorter" since it describes best the purpose of the proposed device.

To model this type of device, we need to calculate transmission probability for
the electrons coming into the left lead into each of the output leads. The wavefunc-
tions in the reservoirs are represented in the basis of eigenstates | ↑⟩, |↓⟩ of σz . The
basis functions are

∣∣kx, ky, σ
〉
, where kx and ky are the wave vector components in
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the reservoirs and σ =↑, ↓.
In the left reservoir (x < 0), the wave function is∣∣∣ψ(L)

kxky,σ

〉
=
∣∣kx, ky, σ

〉
+ ∑

σ′
rσ,σ′

∣∣−kx, ky, σ′
〉

,

where
∣∣kx, ky, σ

〉
is the state vector of incident electrons. The wave function of trans-

mitted electrons (x > d) is ∣∣∣ψ(R)
kxky,σ

〉
= ∑

σ′
tσ,σ′

∣∣kx, ky, σ′
〉

.

Here, rs,s′ and tσ,σ′ are the reflection and transmission matrices. If a spin-polarized
electron is injected into an ideal lead, with no spin orbit coupling or magnetic terms,
semi-infinite in the x direction and with a transversal confinement potential in the y
direction, each transport channel is, from a quantum mechanical perspective, a ten-
sor product between the (orbital) transverse mode and the spin degree of freedom.
In quantum information terms, this is a separable pure quantum state:∣∣∣ψ(injected)

kn,σ

〉
= ⟨r|k±n σ⟩ = Φn(y) · exp±iknx⊗ |σ⟩ ,

|IN⟩ = |knσ⟩ .
(7.4)

The outgoing state in one particular lead will be pure, but nonseparable and it
can be expressed as [162]:

|OUT⟩ = ∑
n′σ′

tn′n,σ′σ |kn′⟩ ⊗ |σ′⟩ . (7.5)

One important thing to note is that an electron injected into the left lead in mode
|n⟩ and spin state |σ⟩ will be scattered into one of the output leads into mode |n′⟩
and spin |σ′⟩. The quantity that can be measured experimentally is the particle cur-
rent in each lead, so our objective is to find a configuration of the scattering region
Hamiltonian that will ensure that a particular injected state is transmitted with high
probability into one lead, while the current it generates in all the other leads is neg-
ligible.

7.1.3 Multi-terminal model system

The prototype device that we propose is defined on a square-shaped scattering re-
gion of dimensions Lx = Ly = L = 2d = 1µm which is divided into three regions:
the continuation of the left (x < −3d/4) and right leads (x > 3d/4), and the active
region in the center [137]. The lead areas in the scattering region have the same char-
acteristics as the ideal semi-infinite leads. The leads are defined by quantum wells
with constant potential of width wl = 3d/10 = 150 nm, carved out from a base
potential barrier of height Vb = 100 meV and the distance between two consecutive
leads is ws = d/5 = 100 nm. We perform the simulations o a material with a small
effective mass (namely InSb, with m∗ = 0.023m0) in order to increase the separation
between quantum levels .

In the active region, a triangular shaped potential barrier acts as a central scat-
terer that guides the incoming electrons to the output leads. The dimensions of the
central triangle and also the barrier height are parameters that we tune in order to
find the ideal quantum sorter configuration. The shape of this central scatterer can
also be modified with top gate voltages in an experimental setup. For a clean sepa-
ration between the up and down spin components, we consider a magnetic barrier
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FIGURE 7.3: The the potential map in the scattering region, with a tri-
angular scatterer along with the system dimensions. The geometrical
parameter that is varied is the area of the central triangular scatterer.

on top of the output leads that induces a Zeeman splitting of VZ = ±100 meV. To
avoid the downshift of energy levels for one spin component, we compensate with
an electrostatic potential equal to half of the splitting. In this way, the energy lev-
els corresponding to one of the spin component will remain unchanged, while for
the other spin component, the energy levels will shift to higher energies, essentially
leading to a cutoff of the respective spin component.

R-matrix simulations

The quantum sorter device we propose is represented in Figure 7.2. As we already
mentioned, the device has one input terminal and multiple output terminals, with
the scattering region in-between. The geometry and scale of the system is defined by
the dimensions of the interaction region d = 500 nm, the triangular central potential
barrier is set at V0 = 0.1 eV and the effective mass is that of InSb m∗ = 0.023m0 [137].

The coherent transport is described in the framework of the R-matrix method,
which was described extensively in section 3.5. This formalism efficiently provides
the transmission for a wide energy range and its computational implementation
also allows for easy parallelization (employing the MPI library ), such that we can
study multiple system configurations effectively. The diagonalization of the Wigner-
Eisenbud problem in the scattering region is the most time consuming, but is also
computationally stable and highly versatile. The method easily allows for the inclu-
sion of Rashba spin orbit interaction, magnetic fields and the geometrical tuning of
the potential in the scattering region. In the final step, the R-matrix and scattering
matrix are computed, leading to the transmission function through the system at
any chosen energy.

The time independent Schrodinger equation defines the scattering problem in
the entire system:

HΨ(r) = EΨ(r), r ∈ Ω0 ∪Ωs (7.6)
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FIGURE 7.4: Minimum current ratios for a sequence of Nscat = 100
scatterer configurations set by the parameter hz. We checked the re-
sults for two different sets of basis size and grid points: (a) Nbx ×
Nbz = 50× 50, Nx ×Nz = 200× 200. Notice that both results are sim-
ilar, therefore the calculations have converged. The red arrow marks
the reference system, which leads to a highly effective probabilistic

quantum sorter (obtained for hz = 60 nm) [137].

with asymptotic boundary conditions for the input/output leads.
The Hamiltonian in the scattering region includes the scattering potential and

the spin-orbit coupling term (Rashba SOI)

H0 = − h̄2

2m∗
∇2 + V (r ∈ Ω0;P) , (7.7)

where P is a set of tunable parameters related to the geometry of the potential and
the height of the central barrier it induces. By varying these parameters, we search
for an optimal quantum sorter configuration.

The Hamiltonian inside the left lead is:

Hs=0 = − h̄2

2m∗
∇2 + Vs=0 (r ∈ Ωs) (7.8)

where Vs (r ∈ Ωs) is the confinement potential in the leads, with a longitudinal com-
ponent that is translationally invariant in the direction of transport and a transverse
component which gives rise to the transversal modes in the leads.

In the right leads, we added a Zeeman term to the Hamiltonian in order to facil-
itate the separation of different spin states:
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FIGURE 7.5: Transmission functions for each incoming mode in all of
the output leads. These results are obtained with R-matrix simula-

tions.

Hs=1,2 = − h̄2

2m∗
∇2I2 + Vs=1,2 (r ∈ Ωs) I2 +

Ezσz

2
+

Ezσ0

2

Hs=3,4 = − h̄2

2m∗
∇2I2 + Vs=3,4 (r ∈ Ωs) I2 −

Ezσz

2
+

Ezσ0

2

(7.9)

where Ez = 50 · 10−3 eV.

Searching for the ideal QS configuration

In typical multi-terminal devices, one expects a non-zero transmission in all of the
output ports, since elastic scattering greatly impacts the transversal momentum of
the electrons. Therefore, to identify an effective quantum sorter prototype, we need
to first establish valid minimal criteria for the transmission functions in the leads
[137].

We settled on calculating the ratios between the currents of each propagating
mode in all of the output leads. For example, we calculated for the current ratios
between a mode i1 and mode i2, where i2 ̸= i1, at given total energy E

γJ (s, i1, i2) = j (s, i1) /j (s, i2) ,
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FIGURE 7.6: The absolute value squared of the wavefunctions for the
incoming modes, calculated using the R-matrix method. The modes
|k0 ↑⟩ and |k0 ↓⟩ are mostly transmitted into the outer s = 1 and s = 4
leads, while the |k1 ↑⟩ and |k1 ↓⟩ are scattered with greater probability

into the inner leads (s = 2, 3).

in a lead denoted by s. Due to the spin symmetry enforced by the magnetic barriers,
we only need to determine the ratios for s = 1 and s = 2:

γJ,1 ≡ γJ(s=1, 0, 1) = j(1, 0)/j(1, 1),
γJ,2 ≡ γJ(s=2, 1, 0) = j(2, 1)/j(2, 0).

(7.10)

We impose a minimum ratio, such that mins γJ,s > γmin , where γmin is taken to
be 5. One can also define the ratios between the transmission functions at a given
energy, γT (s, i1, i2) = T (s, i1) /T (s, i2), but we are mainly focused on the current
ratios because the current is the experimentally measured quantity.

We proceed by tuning the geometrical parameter (in our case, hz) that defines
the size triangular central scatterer, as we highlighted in Figure 7.4. We found a
minimal current ratio of γmin = 10.46 for the case with hz = 60 nm, (see Figure 7.4).
The transmission functions for each incoming mode, obtained with the R-matrix
simulations, are represented in Figure 7.5 . In the energy range of [3, 5] meV we find
an optimal device configuration at E = 4.04 meV. The mode |k0 ↑⟩ is dominant in
s = 1, while mode |k1 ↑⟩ is dominant in lead s = 2. This result is mirrored in the
other two leads, s = 3, 4, as one notices also from the transmission functions.

Other criteria should be accounted for if one aims to design a quantum sorter
device. For example, the stability of the system with respect to the tunable parameter
is a key aspect. For this reason, the results displayed in Figure 7.4 are highly relevant,
since they emphasize the fact that around hz = 60 nm, the systems exhibit similar
values for γJ . As a result, a slight inaccuracy in the manufacturing process would
not become a hindrance for the desired functionality of the device.
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FIGURE 7.7: (a) tight-binding model, implemented with Kwant,
showing the positioning of magnetic barriers (yellow) and the at-
tached leads (red) (b) The impact of the Zeeman term on the band-

structure.

KWANT simulations

The Kwant package [61] has acquired a great deal of popularity in recent years. It is
a Python library based on the tight binding model, focusing on quantum transport
calculations and using the wavefunction matching method to solve the scattering
problem. We have discussed this approach in detail in section 3.8. The Kwant li-
brary is also popular due to its versatility and its transparent syntax that allows the
user great flexibility when it comes to the geometrical properties of the system, in-
corporating spin orbit-coupling and magnetic fields and even transitioning to more
exotic Hamiltonians.

For our system, the Hamiltonian operator is:

H = ∑
⟨ij⟩,σσ′

tσσ′σ0 |i, σ⟩ ⟨j, σ′|+ ∑
i∈S,σσ′

Viσ0 |i, σ⟩ ⟨i, σ′|+ ∑
i∈Z,σσ′

gµB

2
Bσ |i, σ⟩ ⟨i, σ′| ,

(7.11)
where the sum over ⟨ij⟩ is taken over nearest neighbors only, (σ0, σ) denote the iden-
tity matrix and the Pauli vector that incorporates the Pauli matrices (σ = (σx, σy, σz)),
and B is the external magnetic field. S stands for the whole scattering region and Z
denotes the area where the Zeeman term is applied (see Figure 7.7 a). In contrast
to the R-matrix approach, in the tight binding based approach we only include the
in-plane magnetic field in the scattering region, right before it comes in contact with
the leads. The Kwant code demands that the leads maintain translational invariance,
since they are modeled as ideal semi-infinite contacts, therefore magnetic fields are
not added to the terminals.
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FIGURE 7.8: Wavefunctions (absolute value squared) for the incom-
ing modes and current density maps, calculated using Kwant [137].

The effects of an external, time-independent, homogeneous magnetic field, B,
are included in theoretical model through the Peierls substitution and the Zeeman
energy term. The Peierls substitution changes the wavevector k → k + (|e|/h̄)A,
where A is the vector potential and it adds a phase to the tight binding Hamilto-
nian. The Zeeman term accounts for the interaction of the atomic orbital angular
momentum and spin and can be written as

EZeeman = E⃗z⃗σ (7.12)

While the presence of a Zeeman term should modify the kinetic momentum (p⃗)
to the canonical momentum (p⃗ + |e|A⃗). However, in the weak field limit, its effect
can be neglected for in-plane magnetic fields [163].

The tight-binding model corresponding to a spinful system naturally exhibits a
2x2-matrix structure of onsite energies and hopping terms (note that in the code in
Appendix L we selected norbs = 2). Also, it is important to note that the Zeeman
Hamiltonian adds to the onsite terms (since we ignore the Peierls phase), in con-
trast to a Rashba spin-orbit term that, due to the derivative operators involved in its
expression, adds to the hopping terms. In the code added in Appendix L you can
also see how to add SOC in a Kwant code, though we did not employ any Rashba
interaction in this case (the Rashba coefficient is set to zero).

The (spin) charge density at site i with energy E is defined as follows:

ρi(E) = ∑
σ,σ′

ψ†
iσ(µ)Mσ,σ′ψiσ′(E) (7.13)

where ψi(E) is an eigenstate of the Hamiltonian and M is a quantum operator. In
order to calculate this quantity, it is necessary to find the scattering wavefunction of
the system. In Kwant, the wave function in one of the leads is calculated as shown
in the code snippet:

# Hf is the Hamiltonian of the system and E is the energy of interest
wf = kwant.wave_function(fsyst, energy=E)



152 Chapter 7. Quantum Sorters

FIGURE 7.9: Transmission functions for each incoming mode in all of
the output leads. These results are obtained with Kwant simulations.

# lead indicates the lead number and mode the desired mode
phiw = wf(lead)[mode]

For the case when M = I, the n-th mode of the charge at energy E for a system
with spin is expressed as:

ρn
i (E) = e

∣∣∣ψn
i↑(E)

∣∣∣2 + ∣∣∣ψn
i↓(E)

∣∣∣2
The total charge density is:

ρc,i(E) = e ∑
i,n

ρn(E)

In order to obtain the spin density we should replace M by a chosen Pauli matrix
σz. Let’s say we want the spin projected along z:

ρn
s,k(E) =

(
ψn†

k↑ (E)

ψn†
k↓ (E)

)T

σz

(
ψn

k↑(E)
ψn

k↓(E)

)
,

where k ≡ (a, b) stands for lattice indices, E is the energy and n is the index of the
incoming transversal mode. Employing the same quantities discussed above, one
can also define local current flowing from site b to site a :
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FIGURE 7.10: An electron injected into the input lead α can be scat-
tered into any channel (and spin state, as long as we accout for spin-
dependent scattering processes, such as spin-orbit interactions) in
lead β. To compute the probability that an injected electron scatters
into a particular output lead, one needs to sum over all the channels

in the lead and sum over the spin states.

Jab = i
(

ψ†
b (Hab)

† Mψa −ψ†
aMHabψb

)
,

where Hab is the hopping matrix from site b to site a.

Spin and mode resolved transmission

The total transmission function, derived from the scattering matrix, is:

T = ∑
σσ′

∑
m∈ I,n∈ O

Tσ′σ
n←m, (7.14)

where I is the left input lead (s = 0) and O stands for the set of four output terminals
(see also Figure 7.10). The spin and mode resolved transmissions are computed as
follows:

Tk0↑ = ∑
σ′

∑
0∈I,n∈ O

Tσ′↑
n←0 = ∑

0∈ I,n∈ O
T↑↑n←0 + T↓↑n←0

Tk0↓ = ∑
σ′

∑
0∈ I,n∈ O

Tσ′↓
n←0 = ∑

0∈I,n∈O
T↑↓n←0 + T↓↓n←0

Tk1↑ = ∑
σ′

∑
1∈I,n∈O

Tσ′↑
n←1 = ∑

1∈I,n∈O
T↑↑n←1 + T↓↑n←1

Tk1↓ = ∑
σ′

∑
1∈ I,n∈ O

Tσ′↓
n←1 = ∑

1∈ I,n∈ O
T↑↓n←1 + T↓↓n←1

(7.15)

and the Python code is presented in L.

7.1.4 Conclusions

We designed a two-dimensional multi-terminal mesoscopic system that works as
probabilistic quantum sorter, by identifying a scattering Hamiltonian that separates
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the eigenstates into multiple output ports. The transmission functions through the
system were computed numerically with a C code based on the R-matrix formalism.
The results were subsequently compared with Kwant calculations. The input states
are qudits with degrees of freedom are defined by the transverse momentum and
spin state of the injected electron. The device was optimized by tuning the geometry
of the central scatterer. We believe that this approach could also be employed in an
experimental realization of the device, where by tuning a top gate potential could
facilitate the practical implementation of the QS.

7.2 Topological quantum sorter

7.2.1 Introduction

We have touched on the technological and industry driven demand to produce
smaller and smaller electronic device in Section 6.4, where we introduced the two
channel nanotransistor. Traditional information processing in electronic devices is
done employing the highly popular CMOS (complementary metal oxide semicon-
ductor) architecture, but the challenges that come with scaling these transistors may
become insurmountable due to physical constraints. Researchers and engineers
alike are searching for device implementations that set a new standard for low power
and efficient computing and hence the interest in new categories of materials has in-
creased exponentially in the last years. From this perspective, topological materials
are promising candidate due to their exotic properties, that we briefly introduced in
Section 2.3. These properties that make topological insulators (TIs) fit for low power
transistors, spin filter devices and architectures for quantum computing pave the
way for a "post-CMOS" technological revolution [164].

In the previous section, 7.1, we simulated a wide range of candidate systems
and took full advantage of the computational resources at our disposal in order to
identify an ideal configuration for the quantum sorter prototype device. However,
the computational load would be reduced tremendously if one was able to design
a quantum sorter that exploits the spin-momentum locking characteristics of TIs.
Hence, this section is solely focused on simulations of hybrid trivial and topological
systems, modeled by means of the BHZ Hamiltonian.

7.2.2 Model Hamiltonian and Kwant simulations

The quantum transport simulations were performed using the Kwant Python pack-
age. The 2D system was created in a similar manner as the probabilistic quantum
sorter presented in the previous section, but using library known as kwant.continuum,
which facilitates the discretization of the Hamiltonian. This library allows the user to
write the Hamiltonian as a symbolic expression, specify the symmetry of the lattice
and the lattice constant which defines the grid and the discretization is performed
automatically. This is a useful approach when we deal with more complicated sys-
tems and it is popular for simulations with topological Hamiltonians. In our case,
we employed a position dependent BHZ Hamiltonian in order to describe both the
trivial and topological regions of the device.

The four band Hamiltonian is implemented in the Python code in the following
manner:
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FIGURE 7.11: The effect that a ±δ shift of the chemical potential has
on the band structure in the trivial (top line) and topological case (bot-

tom line). The red dashed line is set at a reference value of 0 meV.

# BHZ hamiltonian

bhz_continuum = ’’’
+ mu * kron(sigma_0, sigma_0)
+ M * kron(sigma_0, sigma_z)
- B * (k_x**2 + k_y**2) * kron(sigma_0, sigma_z)
- D * (k_x**2 + k_y**2) * kron(sigma_0, sigma_0)
+ A * k_x * kron(sigma_z, sigma_x)
- A * k_y * kron(sigma_0, sigma_y)
’’’

Hence, the BHZ Hamiltonian has the form we presented in section 2.3.3:

H =


ε k̂ + M(k̂) Ak̂− 0 0

Ak̂+ ε k̂ −M(k̂) 0 0
0 0 ε k̂ + M(k̂) −Ak̂+
0 0 −Ak̂− ε k̂ −M(k̂)

 (7.16)

where k = (kx, ky) is the in-plane momentum operator, εk = C − D(k2
x + k2

y),
M(k) = M(x, y) − B(k2

x + k2
y), k± = kx ± iky, and A, B, D, and M are parameters

describing the band structure of the HgTe/CdTe QWs. We consider the following
parameters for the QWs: A = 364.5 meV · nm, B = −686 meV · nm2, D = 0, C =
0 and M = +10 meV. The topological phases are distinguished by the signs of
parameter M, which in the case of HgTe/CdTe QWs is determined by the width of
the heterostructure, as we discussed in 2.3.3. Usually, the parameter D is−512 meV ·
nm2, but we consider D = 0 in order to have a band-structure that is symmetric
around EF = 0. To account for the effect of the top gate, one has to add a diagonal
term:
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H = HBHZ + eVg I4×4

where eVg I4×4 =


eVg 0 0 0
0 eVg 0 0
0 0 eVg 0
0 0 0 eVg

 (7.17)

The wavefunction in a TI system described by the four band BHZ model is a
four component spinor Ψ(x, y). The eigenvalue problem is discretized in a square
lattice with a constant a, which defines the grid spacing in the x and y directions.
The choice for the lattice constant is a trade-off between the computational cost of a
finer grid and the accuracy it provides. As we detailed in Section 2.3.3, the discrete
Hamiltonian can be written as:

Hm,m
n,n =

[
(eVg)σ0 ⊗ σ0 + Mσz ⊗ σ0 − 4

Bσz ⊗ σ0

a2

]
,

Hm,m
n,n+1 =

[
Bσz ⊗ σ0

a2 +
iAσx ⊗ σ0

2a

]
,

Hm,m+1
n,n =

[
Bσz ⊗ σ0

a2 −
iAσy ⊗ σ0

2a

]
,

Hm,m
n,n−1 =

(
Hm,m

n,n+1

)†
,

Hm,m−1
n,n =

(
Hm,m+1

n,n

)†
.

(7.18)

where σx, σy, σz are the Pauli matrices. The discretization procedure employed by
Kwant was detailed in section 2.3.3 in Chapter 2.

The effect of the gate potential ±eVg on the band-structure is represented in Fig-
ure 7.11. In order to interpret the simulation results and highlight the ideal quantum
sorter configuration, we compute a set of relevant physical quantities for each pro-
posed system:

• the local density of states

• the spin resolved charge density and the spin polarized current

• the spin and mode resolved transmission functions

Local density of states

The local density of states (LDOS) at site i is defined as:

LDOS(E) = ∑
l
|⟨i | l⟩|2δ (E− El) , (7.19)

where the summation is performed over all electronic eigenstates |l⟩ of the Hamil-
tonian H with energy El . This is evaluated numerically by Kwant using Chebyshev
polynomials and the kernel polynomial method. The LDOS of the topological quan-
tum sorter is represented in Figure 7.16.

Charge (Spin) Density and Current

The charge (spin) density is computed similarly to Eq. 7.13, but the projection oper-
ator is extended to a four-dimensional Hilbert space:
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ρi(E) = ∑
σ,σ′

ψ†
iσ(E)Pσ,σ′ψiσ′(E), (7.20)

In the equation above we used Px,y,z;± = 1
2

(
σ0 ± σx,y,z

)
⊗ σ0, defined as the pro-

jector operator in the subspace of the Sx,y,z states. Explicitly, the charge and current
operators are implemented as follows in the code:

# Define current operators in Kwant
J_0 = kwant.operator.Current(sys)
J_x = kwant.operator.Current(sys, np.kron(sigma_x, sigma_0))
J_z = kwant.operator.Current(sys, np.kron(sigma_z, sigma_0))
# up and down spin components
J_up = kwant.operator.Current(sys, np.kron((sigma_0+sigma_z)/2, sigma_0))
J_down = kwant.operator.Current(sys, np.kron((sigma_0-sigma_z)/2, sigma_0))
# +1 and -1 x-components
J_xplus = kwant.operator.Current(sys, np.kron((sigma_0+sigma_x)/2, sigma_0))
J_xminus = kwant.operator.Current(sys, np.kron((sigma_0-sigma_x)/2,

sigma_0))

# Density operators in Kwant
D_0 = kwant.operator.Density(sys)
D_x = kwant.operator.Density(sys, np.kron(sigma_x, sigma_0))
D_y = kwant.operator.Density(sys, np.kron(sigma_y, sigma_0))
D_z = kwant.operator.Density(sys, np.kron(sigma_z, sigma_0))
# up and down spin components
D_up = kwant.operator.Density(sys, np.kron((sigma_0+sigma_z)/2, sigma_0))
D_down = kwant.operator.Density(sys, np.kron((sigma_0-sigma_z)/2, sigma_0))
# +1 and -1 x-components
D_xplus = kwant.operator.Density(sys, np.kron((sigma_0+sigma_x)/2, sigma_0))
D_xminus = kwant.operator.Density(sys, np.kron((sigma_0-sigma_x)/2,

sigma_0))

7.2.3 TI hybrid systems as ideal spin filters

One can easily model a system composed of a nanowire (1D) and a 2D topological
insulator. The edge states in a TI ca be described, in the low energy approximation,
by a simple 1D Dirac Hamiltonian:

HII = ih̄vFσz∂x (7.21)

with kx = E/h̄vF, where E is the energy of the injected electron.
The Hamiltonian of the nanowire is:

HI =

(
− h̄2

2m
∂2

x

)
σ0, (7.22)

with k′x =
√

2mE/h̄2.
Consider that a pure spin-up state |↑⟩ is injected into the nanowire (denoted

as region I) and is transmitted into the TI (region II). The wavefunction in the two
regions separated by a boundary situated at x = 0 is:{

Ψx<0
I = e+ikxx |↑⟩+ r↑e−ikxx |↑⟩+ r↓e−ikxx |↓⟩ ,

Ψx>0
I I = t↑e+ik′xx |↑⟩+ t↓e−ik′xx |↓⟩ ,

(7.23)
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(A)

(B)

FIGURE 7.12: (A) a) Scheme of a t-t-TI junction (trivial material - triv-
ial material - topological material). (b) Helical edge states in the topo-
logical region. (B) The bandstuctures of the three regions that com-
pose the hybrid t-t-TI device. A top gate (Vg) shifts the bandstructure

in the TI region.

where |↑⟩ = (1 0)T and |↓⟩ = (0 1)T. The reflection and transmission coefficients
are determine in a straightforward manner by imposing the well-known boundary
conditions:

ΨI|x=0− = ΨII|x=0+ ,

∂xΨI|x=0− = ∂xΨII|x=0+ ,
(7.24)

and we obtain that r↓ = t↓ = 0, hence there is no transmission into the spin-down
channel. This result is expected, since the TI Hamiltonian commutes with σz. This
simple model does not fully describe the more complex structures of the multi-
terminal systems we propose, but it highlights the potential of hybrid topological
insulator-trivial conductor devices to act as ideal spin filters.

The transmission functions are computed in the same manner explained previ-
ously in 7.1:

T = ∑
σσ′

∑
m∈ I,n∈ O

Tσ′σ
n←m (7.25)
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FIGURE 7.13: Representation of the spin and mode resolved wave-
functions and currents in the t-t-TI device. Notice the nearly ideal
spin separation induced by the helical edge transport in the topolog-

ical region.

Tk0↑ = ∑
σ′

∑
0∈I,n∈ O

Tσ′↑
n←0 = ∑

0∈ I,n∈ O
T↑↑n←0 + T↓↑n←0

Tk0↓ = ∑
σ′

∑
0∈ I,n∈ O

Tσ′↓
n←0 = ∑

0∈I,n∈O
T↑↓n←0 + T↓↓n←0

Tk1↑ = ∑
σ′

∑
1∈I,n∈O

Tσ′↑
n←1 = ∑

1∈I,n∈O
T↑↑n←1 + T↓↑n←1

Tk1↓ = ∑
σ′

∑
1∈ I,n∈ O

Tσ′↓
n←1 = ∑

1∈ I,n∈ O
T↑↓n←1 + T↓↓n←1

(7.26)

To design an optimized quantum sorter, first we analyzed two hybrid systems
made of trivial and topological regions, aimed for effective spin and mode separa-
tion: a t-t-TI system and a t-constriction-TI system.

Normal-TI junction

In the case of the probabilistic quantum sorter proposed in section 7.1, successful
spin separation was achieved with the aid of the Zeeman field applied to the leads.
In practice, this can be created using ferromagnetic leads or magnetic stripes ap-
plied on top of the leads to directly control the direction of magnetization. The ef-
fective separation of the propagating modes was determined by the central scat-
tering potential, defined by a set of geometrical parameters that we determined
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mainly through exhaustive high-throughput computing and quantitative observa-
tions. However, moving forward, we aimed to explore configurations of devices
that could generate spin-polarized currents by exploiting the edge transport of topo-
logical insulators. In HgTe-based TIs, the counter-propagating spin states form a
Kramers doublet protected by time reversal symmetry, which no backscattering and
high spin coherence lengths that are advantageous for information processing.

Firstly, we shall study a hybrid system composed of a trivial conductor region
and a TI region, which we denote as t-t-TI. The scheme of the system is presented in
Figure 7.12a, with dimensions:

Leads =


s=0, z ∈ [−∞, 650] nm, y ∈ [−100, 100] nm
s=1, z ∈ [500,+∞] nm, y ∈ [100, 200] nm
s=2, z ∈ [500,+∞] nm, y ∈ [−200,−100] nm

(7.27)

Regions 1 and 2 are described by a trivial BHZ Hamiltonian, the only difference
being the width of the two regions which leads to a slight difference in the separa-
tion between the transverse bands describing the propagating modes. The TI region
(region 3) is highlighted with red in Figure 7.12a and is characterized by a negative
M parameter in the four-band Hamiltonian (as discussed in section 2.3.3). In Figure
7.12a (b) we highlighted the trademark characteristic of thee TI system, an insulating
bulk with helical spin states that travel in clockwise and anti-clockwise directions,
respectively. This unique property also stands at the core of the almost ideal spin
polarization and separating in the outgoing terminals denoted by R1 and R2.

At thermal equilibrium, the chemical potential in all three regions stabilizes at the
same value. However, if the chemical potential is not in the bulk gap of the TI, the
characteristic edge transport does not emerge. The purpose of the gate potential is
therefore to tune the chemical potential such that the incoming states from the trivial
region are transmitted into the helical edge states in the TI region (as suggested in
Figure 7.12b). As one can see in Figure 7.13, the spin currents are symmetrical in the
two output leads, but they exhibit opposite spin polarization. Due to this result, a
t-t-TI 2D system can be employed as a spin filter and, also, as a spin separator. A
similar setup was proposed in [165], and the authors reached a similar conclusion.

Normal-constriction-TI junction

In the setup described above, the first and second transverse modes are not selec-
tively transmitted into the output leads. In order to control the transversal mode
that is transmitted into the TI region, we propose a device comprised of a trivial
region connected to another trivial region of lower width (a constriction) and con-
tinuing into the topological region. The system is presented in Figure 7.14a and the
leads have the same dimensions as in the case of the t-t-TI system:

Leads =


s=0, z ≤ −650 nm, y ∈ [−100, 100] nm
s=1, z ≥ 500 nm, y ∈ [100, 200] nm
s=2, z ≥ 500 nm, y ∈ [−200,−100] nm

(7.28)

The constriction in the middle region has a width of 100 nm. The spin charge
density is represented in Figure 7.14b.
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(A) (a)Scheme of the t-c-TI device (trivial-constriction-topological). The orange regions represent the
semi-infinite leads, the blue shaded regions correspond to materials with trivial bandstructures and
the red region indicates the presence of a TI. (b) The effect of the top-gate on the bandstructure of the

TI.

(B)

FIGURE 7.14: Mode and spin-resolved wavefunctions in the 2D t-c-
TII device. The constriction does not allow for the transmission of
higher energy modes, while the TI region ensures ideal spin selectiv-
ity. The wavefunctions (absolute value square) are computed at an
energy E = 17 meV and the top-gate on the TI region induces an en-

ergy shift of Ug = 10 meV.

7.2.4 Model system of a topological quantum sorter

With these considerations in mind, we simulated the optimized model of a 2D multi-
terminal system comprised of one input lead and four output leads (the same ap-
proach as the trivial probabilistic quantum sorter), but the central region of the de-
vice is a material that exhibits the characteristics of a topological insulator. The de-
vice is displayed in Figure 7.15(a), where:

Leads =



s=0, z ≤ −650 nm, y ∈ [−100, 100] nm
s=1, z ≥ 500 nm, y ∈ [300, 400] nm
s=2, z ≥ 500 nm, y ∈ [100, 200] nm
s=3, z ≥ 500 nm, y ∈ [−200,−100] nm
s=4, z ≥ 500 nm, y ∈ [−400,−300] nm

(7.29)
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FIGURE 7.15: (a) The proposed scheme of the topological quantum
sorter, with one incoming lead and four ourput ports. The red shaded
region indicates a topological material, while the blue regions exhibit
trivial bandstructures. The yellow regions indicate the presence of
magentic barriers that induce a Zeeman term that separates the en-
ergy dispersion brances of up/down projections of the spin along
the z direction. The green regions represent two barriers induced
by top-gates that reduce the transmission probability of lower-energy
electrons in the outer leads. (b) The bandstructures of the five leads,

where leads 2 and 3 are topological.

The central region is cut from a rectangular area with z ∈ (−650, 500) nm and
y ∈ (−400, 400) nm. The blue shaded region in Figure 7.15 denotes a trivial material,
the red highlighted part represents the topological part of the system and the yellow
region indicate the effect of a magnetic polarization that would facilitate the spin
separation. In Figure 7.15 (b), we represented the band structures of the input lead
(first row), the first and fourth leads (trivial band structure) and the middle leads
(topological band structure). Notice that for the middle leads we have the defining
zero energy propagating helical edge states that exhibit spin-momentum locking.
Our approach was to exploit this robust edge states in order to separate the lowest
energy propagating mode from the second transverse mode.

# BHZ hamiltonian

bhz_continuum = ’’’
+ mu * kron(sigma_0, sigma_0)
+ M * kron(sigma_0, sigma_z)
- B * (k_x**2 + k_y**2) * kron(sigma_0, sigma_z)
- D * (k_x**2 + k_y**2) * kron(sigma_0, sigma_0)
+ A * k_x * kron(sigma_z, sigma_x)
- A * k_y * kron(sigma_0, sigma_y)
+ Delta * Gamma_so
+ pol*(kron(vx*sigma_x + vz*sigma_z + vy*sigma_y, sigma_0))
’’’

The position dependent parameters (of the scattering region) are:
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FIGURE 7.16: Right: A 3D scheme of the topological quantum sorter.
Left: The local density of states in three cases, Ug = 0 meV (b)Ug =
12 meV (c) Ug = 19 meV with the respective local density of states in
the central region. Notice that for Ug ∈ [12, 19] meV there is helical

edge transport in the TI region.

V(x, y) =


eVg1, if (x, y) ∈ G1

eVg2, if (x, y) ∈ G2

eVg, if (x, y) ∈ R
0, elsewhere

(7.30)

M(x, y) =

{
10 meV, if (x, y) ∈ B
−10 meV, if (x, y) ∈ R

(7.31)

where the regions G1,G2,R,B are the regions highlighted in Figure 7.15. A schematic
illustration of the device we simulated is shown in Figure 7.16. Two top gates are de-
posited onto the upper and lower terminals of the cross junction where the incoming
electrons are injected (denoted with Vg1 and Vg2 ), in order to decrease the probability
that lower energy particles propagate into the marginal leads. Also, another gate on
top of the topological region is inserted to control the chemical potential and induce
a band shift. The goal of this setup is to modulate the band alignment in a manner
that makes the lowest mode from the trivial input terminal to propagate as a chi-
ral helical edge state along the margins of the topological region. Due to the spin
separation in the SQHE phase, the spin degrees of freedom are transmitted into sep-
arate output leads without the influence of external magnetic fields. The influence
that a positive/negative voltage on the top gates has on the bands of a topological
insulator is displayed in Figure 7.11.

In equations 7.32 listed below, we exemplify the discretized Hamiltonian of the
BHZ model in the case of an external perpendicular magnetic field (case (a)) and in
the simpler case where we consider the influence of a magnetic barrier which con-
trols the spin polarization of the charge carriers. A magnetic field that is perpendic-
ular to the plane of the quantum well, Bz = Bez, will affect the transport properties
by means of the Zeeman and orbital terms. The Zeeman term will lift the degener-
acy of spin polarized bands and it is introduced as a diagonal term µBBzΣz/2, where
Σz = diag(ge, ge,−gh,−gh). This accounts for the fact that electrons and holes have
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FIGURE 7.17: Spin and mode resolved transmission functions for the
quantum sorter proposed in Figure 7.15.

different effective g-factors. The orbital effect of a magnetic field is introduced in
the tight binding model by means of the Peierls phase which modifies the hopping
terms between adjacent sites. The Peierls substitution is defined in terms of the line
integral of the potential vector, namely e/h̄

´
dl · A. In the Landau gauge, for exam-

ple, the vector potential is A(r) = −Bzyex and the hopping matrix elements between
sites (n, m) and (n, m+1) will be affected.

In our model for the quantum sorter, we considered that magnetic barriers placed
along the outer leads will modify the spin polarization and ensure the transmission
of spin up/down electrons in leads s1 and s4. We consider, in this particular case,
that the magnetic barrier polarizes the spin along the z direction, since Sz is a good
quantum number for the edge states in the BHZ model, due to the symmetry of the
Hamiltonian. Therefore, the term Pσ = Pxσx +Pyσy +Pzσz reduces to Pzσz, where
Pz is a position dependent parameter with positive/negative values in leads s = 1
and s = 4, respectively.

The spin and mode resolved transmission functions in each of the four output
leads are represented in Figure 7.17. The four states are selectively transmitted with
high probability into only one particular output port, meeting the main criteria of
the probabilistic quantum sorter we proposed. These results are also robust to slight
modifications in the geometry and also to weak disorder, which leads to a more
stable device from the perspective of experimental realization.
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FIGURE 7.18: Wavefunctions and currents of the four incoming
modes for the quantum sorter prototype described in Figure 7.15

a) Perpendicular magnetic field b) Magnetic barrier

Hm,m
n,n =

Mσz ⊗ σ0 − 4
Bσz ⊗ σ0

a2 +
µBBzΣz

2︸ ︷︷ ︸
Zeeman

⇒ Hm,m
n,n =

[
Mσz − 4

Bσz

a2 +Pσ ⊗ σ0

]

Hm,m
n,n+1 =

[
Bσz ⊗ σ0

a2 +
iAσx ⊗ σ0

2a

]
eima2(eB/h̄)︸ ︷︷ ︸

Peierls

⇒ Hm,m
n,n+1 =

[
Bσz ⊗ σ0

a2 +
iAσx ⊗ σ0

2a

]

Hm,m+1
n,n =

[
Bσz ⊗ σ0

a2 −
iAσy ⊗ σ0

2a

]
⇒ Hm,m+1

n,n =

[
Bσz ⊗ σ0

a2 −
iAσy ⊗ σ0

2a

]
Hm,m

n,n−1 =
(

Hm,m
n,n+1

)†
⇒ Hm,m

n,n−1 =
(

Hm,m
n,n+1

)†

Hm,m−1
n,n =

(
Hm,m+1

n,n

)†
⇒ Hm,m−1

n,n =
(

Hm,m+1
n,n

)†
.

(7.32)
Another rendition of the device is presented in 7.19a. All the relevant parameters

are maintained, but the first and fourth output leads are perpendicular to the trans-
port direction. In this configuration, the energy range for which the system exhibits
quantum sorter functionality is increased, since shorter propagation distances in the
trivial regime also imply less scattering and higher transmission probabilities. These
devices also have high functionality for spin selectivity (see Figure 7.20), which is a
crucial element in the field of spintronics. For this reason, HgTe-based topological
insulators are considered to be promising candidates for spintronic devices. Another
advantage is that, as opposed to the Datta-Das spin transistor, they do not rely on
Rashba SOI to control charge flow, hence there is no spin relaxation induced by the
interfacial effects that arise in a heterostructre device.
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(A)

(B)

FIGURE 7.19: (A) Model device of a quantum sorter with different
output leads configuration and the corresponding spin and mode re-
solved transmission functions. (B) The wavefunctions and currents

in the device proposed in subfigure (A).

7.2.5 Conclusions

We aimed to exploit the helical edge channel transport of TIs, robust against scat-
tering and disorder, in order to propose a quantum sorter with improved perfor-
mance. In a 1D QSHE (quantum spin Hall effect) system, the helical edge states
emerge when the Fermi energy lies in the bulk gap. In order to find the set of Vg that
optimize the transmission of the incoming states into the topological bulk gap, we
compute the local density of states in the scattering region. The spin charge density
and current of the topological quantum sorter for a set of top gate values (namely
Ug = 12 meV and Ug1,g2 = 10 meV) are represented in Figure 7.18. Our topological
quantum sorter proposal relies on an electrical operation by electrostatic gates on a
hybrid system composed of trivial and topological regions that is able to select with
a high level of efficiency the incoming spin resolved transverse modes and sort them
into separate output leads. With the aid of electrostatic gates, the edge transport of
the TI material can be employed for quantum information applications.
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(A)

(B)

FIGURE 7.20: Spin resolved transmissions for the topological quan-
tum sorter prototypes in Figure 7.19a (A) and Figure 7.15 (B)
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8
Summary and conclusions

The first part of the thesis focused on introducing the fundamental theoretical con-
cepts that are employed in quantum transport and also outlined the main approxi-
mation methods and simulation tools that we employed throughout this work. My
goal was to present essential theoretical formalisms, such as the Landauer-Buttiker
approach and the non-equilibrium Green’s functions method in a pedagogical yet
fairly rigorous manner. Also, all the computational methods that were employed in
this thesis were presented thoroughly in the first chapters, ranging from the well-
known density functional theory to the R-matrix theory, which has not been widely
used up until to this point, but has notable advantages. Since in our work we cou-
pled the conventional simulation tools with machine learning techniques, I also in-
troduced the widely used ML methods based on artificial neural networks. Through-
out the theoretical part of the thesis, applications of the methods that were discussed
have also been presented. To exemplify the use of such simulation tools and ML
techniques, I presented original results obtained by working alongside the compu-
tational physics group from IFIN-HH.

The second part of the thesis introduces in more detail the work done with re-
gards to quantum transport in low-dimensional quantum systems, with the focus
on devices that could bring advancements to the field of quantum information pro-
cessing. The results are partitioned in a manner that highlights the research process,
starting from simpler many-body systems and moving on to multi-terminal configu-
rations that have great potential to be integrated in spintronic devices, a new class of
nanotransistors for low energy applications and quantum information technologies.

Firstly, we briefly reviewed the original results in [3], where we presented an ex-
tension of the R-matrix formalism towards bi-particle scattering problems. The two
particles are identical fermions that interact with each-other only inside the bound-
aries of the scattering region. When at least one particle is in the leads, the two
particles do not interact with each-other. In the case when at least one particle is in
the central region, the two-particle eigenfunctions of the Hamiltonian are written as
a linear combination of antisymmetrized products of two single-particle eigenstates
of the Hamiltonian that describes the whole device. These combinations involve sev-
eral single-particle eigenstates, entangled because of the interaction in the scattering
region. The Ansatz that was proposed is crucial for describing entangled states in the
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multi-particle scattering problem, which is a essential for applications in the realm
of quantum information technology.

Then, we move towards more computationally oriented research that focuses
on two-dimensional systems. We started our study of low-dimensional devices by
solving a large class of two-electron problems based on a quantum dot system, con-
trolled by a top-gate array [110]. The energy spectra of the quantum systems were
directly determined by both external and material dependent factors: the binary
valued gate voltages and the strength of the Coulomb interaction. Using the exact
diagonalization technique, we solve the bi-particle problem with high accuracy and
obtained also the charge and spin densities, alongside the energy spectra. Coupled
with ML algorithms based on artificial neural networks, the approach we explored
in [110] can assist the design process of novel low-dimensional quantum devices.
The methods can be extended to systems where the exhaustive computation of the
many-body states is computationally unfeasible. Moreover, we investigated peri-
odic systems and reproduced the band structure of the Lieb lattices. This points to-
wards a direction of highly tunable devices, that are easily connected to experimen-
tal structures. Through the variation of relevant parameters, such as the depth of the
potential wells, their shape and positions on the grid, we can modify the bandgaps,
as well as the bandwidths of the energy bands. We showed that, by modifying the
shape of the quantum wells, the band structure can be adjusted to a Kagome-like
lattice. Again, we employed machine learning techniques, namely artificial neural
networks, to predict the bandwidth of the middle energy band with good accuracy.

Furthermore, we also explored 2D devices in the form of neuromorphic device
structures, described in the framework of the many-body formalism coupled with
cGAN based image-to-image translation approaches [117]. We proposed a two-
dimensional reconfigurable device, suitable to optimize the design process of neu-
romorphic systems and also function as reprogrammable multi-terminal system for
charge transfer between quantum dot registers. Since assessing the charge distribu-
tion of a multi-particle system along with the switching properties is a difficult task
from a computational perspective, the optimization process requires a large number
of configurations to be analyzed. This is where machine learning techniques could
bring significant advantages.

Also, we studied the transport properties of field effect nanotransistor devices
based on lateral resonant tunneling between two parallel conduction channels. We
found narrow resonant tunneling peaks around zero control voltage, allowing for
the switching of the drain current with small control voltages and opening up the
way to low-energy applications. The simulation results, carried out within the R-
matrix and tight binding formalisms, aligned with the theoretical results presented
in detail in [119]. Through a joint computational and theoretical study we provided
an in-depth understanding of the tunneling process that dominates the transport
properties of the two-channel nanotransistor.

In the last chapter of the results section, we discussed a 2D mesoscopic system
that works as probabilistic quantum sorter. By choosing an appropriate scattering
Hamiltonian, the device separates the eigenstates into multiple output ports. In or-
der to compute the spin and mode resolved transmission functions, we used the
R-matrix formalism for multi-terminal transport and also compared the results with
Kwant simulations. The input states are described as qudits with four degrees of
freedom, defined by their transverse momentum and the spin component. A tunable
geometrical parameter defines the scattering potential and the QS was optimized in
terms of this chosen parameter by means of high throughput computations. We be-
lieve this approach can be employed as a means to a practical realization of such a
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device. Our study paves the way for further designing of quantum devices that en-
ables a desired mode-lead pairing in the output ports and could function as a solid
state device for efficient quantum state identification. We extended this proposal to
more exotic systems, based on two-dimensional topological insulators described in
the framework of the BHZ model. Such a topological quantum sorter provides an
even better spin-mode separation and could even function as an almost ideal spin
filter. This 2D system exploits the characteristic properties of TIs, namely the spin-
momentum locking of the robust edge states, protected by time-reversal symmetry.

The research introduced in this thesis aims to present new insights into an effec-
tive device modeling paradigm that exploits complementary numerical methods of
quantum transport in tandem with machine learning techniques. Spin and charge
manipulation, control of the electronic wavefunction and an in depth understand-
ing of the quantum mechanical phenomena that govern transport in low dimen-
sional systems are essential for effective inverse design of novel devices. We believe
that the approach we highlighted throughout this thesis, that integrates advanced
computational methods with machine learning techniques in order to gather crucial
physical insights could lead to the design of low dimensional systems with multiple
applications in quantum information technologies.
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A
Derivation of the Kohn-Sham equations

We have seen in section 3.1 that in the Kohn-Sham approach the electrons density is
given by the non-interacting KS orbitals:

n(r) =
N

∑
i=1
|ϕi(r)|2 , (A.1)

and that the total energy is a functional of the ground state density:

EKS[n] = 2
N

∑
i=1

ˆ
ϕ∗i (r)

(
−1

2
∇2
)

ϕi(r)dr + EH [n] + Eext[n] + Exc[n] (A.2)

We also mentioned that, in accordance with the variational principle, we need to
minimise the energy with respect to the (ground state) density to find the ground
state energy. Also, we need to conserve the orthonormality of the Kohn Sham or-
bitals, so we have to solve a minimisation problem with constraints. To this end, we
employ the method of the Lagrange multipliers, and the expression that we have to
minimize is:

ΩKS[n] = EKS[n]−∑
i,j

ϵij

(ˆ
ϕ∗i (r)ϕj(r)dr− δij

)
(A.3)

We use the chain rule to calculate the derivative of the energy functional with
respect to the KS orbitals:

δΩKS[n]
δϕ∗j (r)

=
δΩKS[n]

δn(r)
∂n(r)
∂ϕ∗j (r)

(A.4)

From equation A.1, we know that:

∂n(r)
∂ϕ∗j (r)

= 2ϕj(r) (A.5)

Hence,
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δΩKS[n]
δϕ∗j (r)

=
δΩKS[n]

δn(r)
2ϕj(r) (A.6)

Using the formula for the energy EKS and the fact that the orbitals that minimize
it must satisfy the condition:

δΩKS[n]
δϕ∗j (r)

= 0, (A.7)

we can write the following equation:

0 =
δEnon

kin
δϕ∗i (r)

+

[
δEext

δn(r)
+

δEH

δn(r)
+

δExc

δn(r)

]
δn(r)
δϕ∗i (r)

−∑
j

ε ijϕj(r) (A.8)

Now we can use the following equalities:

δEnon
kin

δϕ∗i (r)
= −∇2

i ϕi(r) and Uxc[n(r)] =
δExc[n(r)]

δn(r)
(A.9)

along with equations A.5 and A.6. We obtain the following system:(
−1

2
∇2

i + Uext + UH + Uxc − λi

)
ϕi(r) = 0(

−1
2
∇2

i + Ue f f − ε i

)
ϕi(r) = 0

⇒
[
−1

2
∇2

i + Ue f f (r)
]

ϕi(r) = ε iϕi(r)

→ ĤKSϕi(r) = ε iϕi(r)

(A.10)

As a last observation, formally speaking the Lagrange multiplier ε ij can be iden-
tified as energies of the orbitals only after diagonalization of ϕi with a unitary trans-
formation. However, we can simply replace them with ε i intuitively, since equations
A.10 make sense as Schrodinger equations only in this case [30, 32].
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B
Bond current and the total current

Todorov [42] defined a projector operator

Pn = ∑
γ

|ϕnγ⟩ ⟨ϕnγ| , (B.1)

and the expectation value of the projector is interpreted as the charge of the atom
at site n:

qn(t) = e ⟨ψ(t) |Pn|ψ(t)⟩ (B.2)

The rate of change of the charge is net current flux flowing from all the neighbor-
ing sites into n. We can write 1:

dqn(t)
dt

=
e
ih̄
⟨ψ(t) |[Pn, H]|ψ(t)⟩ (B.3)

Todorov identified here the operaator Jn

Jn =
e
ih̄

[Pn, H] =
1
ih̄ ∑

n′
[PnHPn′ − Pn′HPn]

and then defined the quantity

Jn′,n =
e
ih̄

[PnHPn′ − Pn′HPn] (B.4)

as the current flowing from site n to site n′, or the bond current 2.
The net current flowing across the system requires us to compute the current

flowing through a particular cross section of the device, which is a sum of all the
bond currents:

1The density-matrix analogue of the Schrödinger equation

ih̄
∂ρ̂

∂t
= [Ĥ, ρ̂], where ρ̂ = |Ψ⟩⟨Ψ|

2This particular equation is only valid in the case of an orthogonal basis, since it implies overlap
between neighboring sites and it becomes more difficult to define the rate of change in the charge
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JS =
e
ih̄ ∑

n′∈L,n∈R
Jn′,n, (B.5)

The observed value is evaluated as a statistical expectation value:

In′n = Tr {Jn′nρ (Vbias )} ,
JS = Tr {JSρ (Vbias )} .

(B.6)

where ρ(Vbias) is the density matrix which depend on the bias voltage. In a
lead-device-lead system, the density matrix can be defined as:

ρ (Vbias ) =

ˆ
[ f1(E)D1(E) + f2(E)D2(E)]dE, (B.7)

The partial density operators are3:

D1(E) = ∑
1
|ψ1⟩ δ (E− E1) ⟨ψ1|

D2(E) = ∑
2
|ψ2⟩ δ (E− E2) ⟨ψ2|

(B.8)

The total density of stayes can be written in terms of the Green’s functions of the
system:

D(E) =
i

2π
[Gr − Ga] (B.9)

This is also related to the spectral function:

A(E) = i (Gr(E)− Ga(E))

= 2π ∑
n
|Ψn(E)⟩ ⟨Ψn(E)|

= 2πD(E)

(B.10)

3The partial density opertors are associated to the incoming states from lead 1 and from lead 2
respectively
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C
Tight binding model for the Lieb lattice

C.1 Tight binding formalism in Dirac notation

The time-independent Schrödinger equation for the lattice:

H|ψ⟩ = E|ψ⟩, (C.1)

where we write |ψ⟩ using the Bloch Ansatz:

|ψ⟩ = ∑
R′

α′

cα′eik·R′ ∣∣R′α′〉 . (C.2)

Substituting equation C.2 into the Schrödinger equation, we obtain:

H ∑
R′

α′

cα′eik·R′ ∣∣R′α′〉 = ∑
R′

α′

cα′eik·R′H
∣∣R′α′〉 = E ∑

R′
α′

cα′eik·R′ ∣∣R′α′〉 . (C.3)

We then project the state ⟨Rα| onto the eigenvalue problem above:

∑
R′

α′

cα′eik·R′ ⟨Rα|H
∣∣R′α′〉 = E ∑

R′
α′

cα′eik·R′ 〈Rα | R′α′
〉

. (C.4)

Next, we write the Hamiltonian H as the sum of an isolated atomic Hamiltonian
and a potential term in the form

H = Hat
Rα

+ ∆URα .

where the atomic Hamiltonian obeys the eigenvalue relation

Hatom
Rα

|Rα⟩ = Eat
α |Rα⟩

We then substitute this Hamiltonian into Equation C.4:

∑
R′

α′

cα′eik·R′ (Eatom
α

〈
Rα | R′α′

〉
+ ⟨Rα|∆URα

∣∣R′α′〉) = E ∑
R′

α′

cα′eik·R′ 〈Rα | R′α′
〉
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FIGURE C.1: Structure of the Lieb lattice, with a three-atom basis. The
basis vectors are a1 = ax and a2 = ay, where a is the lattice constant.

Next, we combine the like
〈
Rα | R′α′

〉
terms, which produces

∑
R′

α′

cα′eik·R′ ⟨Rα|∆URα

∣∣R′α′〉 = (E− Eatom
α

)
∑
R′

α′

cα′eik·R′ 〈Rα | R′α′
〉

.

We decompose the sum on the right-hand side of the equation above and use
⟨Rα | Rα⟩ = 1 to obtain:

∑
R′

α′

cα′eik·R′ ⟨Rα|∆URα

∣∣R′α′〉 = (E− Eatom
α

)cαeik·R + ∑
R′

α′ ̸=Rα

cα′eik·R′ 〈Rα | R′α′
〉 .

⟨Rα|∆URα |Rα⟩ cαeik·R + ∑
R′

α′ ̸=Rα

⟨Rα|∆URα

∣∣R′α′〉 cα′eik·R′

=
(
E− Eatom

α

)cαeik·R + ∑
R′

α′ ̸=Rα

cα′eik·R′ 〈Rα | R′α′
〉 (C.5)

One orbital per unit cell
In the simplest case of one electronic orbital per unit cell, we may discard the

index α, and introduce the tight-binding integrals as:

⟨R|∆UR|R⟩ = β,
⟨R|∆UR

∣∣R′〉 = t
(
R′ − R

)
,〈

Rα | R′α′
〉
= S,

(C.6)

where β is the Coulombian integral, t is the exchange (hopping) integral and S is the
overlap integral. Also, we will consider the case of only nearest neighbors hopping
and denote with ∆ the distance to the NNs. Therefore, the eigenvalue problem is
rewritten as:

E(k) = Eat +
β + ∑∆ t(∆)eik·∆

1 + ∑∆ S(∆)eik·∆ ≈ Eat + β + ∑
∆

t(∆)eik·∆ (C.7)
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C.2 The bandstructure of the Lieb lattice

The Lieb lattice is 2D square lattice (see Figure C.1) with three atoms in the primitive
unit cell. Hence, when writing the lattie wavefunction, we account for three different
orbitals:

|ψ⟩ = ∑
R′

{
cA |R′A⟩+ cB |R′B⟩+ cC |R′C⟩

}
eikR′ , (C.8)

where
|R′A⟩ = |R′⟩

|R′B⟩ = |R′ +
a2

2
⟩

|R′A⟩ = |R′ +
a1

2
⟩

(C.9)

The nearest neighbors of the three atoms in the unit cell of a Lieb lattice:

• Atom A⇒ one NN of type B and one of type C, both in unit cell R′ + one NN
of type B in unit cell R′ − a2 + one NN of type C in unit cell R′ − a1

• Atom B⇒ one NN of type A in unit cell R′ and one NN of type A in unit cell
R′ + a2

• Atom C⇒ one NN of type A in unit cell R′ and one NN of type A in unit cell
R′ − a1

We’ll use formula:

⟨Rα|∆URα |Rα⟩ cαeik·R + ∑
R′

α′ ̸=Rα

⟨Rα|∆URα

∣∣R′α′〉 cα′eik·R′ =
(
E− Eat

α

)
cαeik·R, (C.10)

derived in the previous section and assume that all Coulombian integrals, as well as
all the eigenvalues of the atomic Hamiltonians (Eat

A,B,C = Eat) are equal. Therefore:

∑
R′

α′ ̸=Rα

⟨Rα|∆URα

∣∣R′α′〉 cα′eik·R′ =
(
E− Eatom

α − β
)

cαeik·R. (C.11)

For the Lieb lattice, we obtain the following three equations:

tcBeikR + tcBeik(R−a2) + tcBeikR + tcCeik(R−a1) =
(
E− Eat − β

)
cAeik·R

tcAeikR + tcAeik(R+a2) =
(
E− Eat − β

)
cBeik·R

tcAeikR + tcAeik(R+a1) =
(
E− Eat − β

)
cCeik·R

(C.12)

tcB + tcBe−ika2 + tcB + tcCe−ika1 =
(
E− Eat − β

)
cA

tcA + tcAeika2 =
(
E− Eat − β

)
cB

tcA + tcAeika1 =
(
E− Eat − β

)
cC

(C.13)

This can be written as: Eat + β− E t(1 + e−ika2) t(1 + e−ika1)
t(1 + eika2) Eat + β− E 0
t(1 + eika1) 0 Eat + β− E

 cA
cB
cC

 = 0. (C.14)
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We denote Eat + β as Ẽ and solve the determinant:

(
Ẽ− E(k)

)
·[(

Ẽ− E(k)
)2 − t2

(
1 + e−ika1

) (
1 + eika1

)
− t2

(
1 + e−ika2

) (
1 + eika2

)]
= 0

(C.15)(
Ẽ− E(k)

)
·[(

Ẽ− E(k)
)2 − 4t2

(
cos2 (

kxa
2

) + cos2 (
kya
2

)

)]
= 0

(C.16)

Therefore, he spectrum of the Lieb lattice has two dispersive bands (E1,2(k)) and
one flatband (E3(k)):

E1,2(k) = ±2t

√
cos2 (

kxa
2

) + cos2 (
kya
2

)

E3(k) = 0
(C.17)
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D
Spin averages

The spin observable S⃗ is mathematically expressed by a vector with matrix compo-
nents:

S⃗ =
h̄
2

σ⃗

where the vector σ⃗ contains the Pauli matrices σx, σy, σz :

σ⃗ =

 σx
σy
σz

 , σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
A general spinor state can be written as:

α| ↑⟩+ β| ↓⟩ =
(

α

β

)
, |α|2 + |β|2 = 1

where

| ↑⟩ =
(

1
0

)
, | ↓⟩ =

(
0
1

)

Iσ=

(
1 0
0 1

)
; Iσ = | ↑⟩⟨↑ |+ | ↓⟩⟨↓ | (D.1)

σx =

(
0 1
1 0

)
; σx = | ↑⟩⟨↓ |+ | ↓⟩⟨↑ | (D.2)

σy =

(
0 −i
i 0

)
; σy = i| ↓⟩⟨↑ | − i| ↑⟩⟨↓ | (D.3)

σz =

(
1 0
0 −1

)
; σz = | ↑⟩⟨↑ | − | ↓⟩⟨↓ | (D.4)

Sx = h̄
2 (| ↑⟩⟨↓ |+ | ↓⟩⟨↑ |)

Sy = i h̄
2 (| ↓⟩⟨↑ | − | ↑⟩⟨↓ |)

Sz =
h̄
2 (| ↑⟩⟨↑ | − | ↓⟩⟨↓ |)

(D.5)
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(Sx)ij =
h̄
2

(
0 1
1 0

)
(D.6)

(
Sy
)

ij =
h̄
2

(
0 −i
i 0

)
(D.7)

(Sz)ij =
h̄
2

(
1 0
0 −1

)
(D.8)

Sz

 | ↑⟩
(

h̄
2

)
| ↓⟩

(
− h̄

2

) (D.9)

Sx

{
1√
2
(| ↑⟩+ | ↓⟩)

1√
2
(| ↑⟩ − | ↓⟩) (D.10)

Sy

{
1√
2
(| ↑⟩+ i| ↓⟩)

1√
2
(| ↑⟩ − i| ↓⟩) (D.11)

⟨σα⟩ = ⟨ψ |σα|ψ⟩ α = x, y, z (D.12)

σzψ = (| ↑⟩⟨↑ | − | ↓⟩⟨↓ |) ·
(
ψ↑| ↑⟩+ ψ↓| ↓⟩

)
= ψ↑| ↑⟩ − ψ↓| ↓⟩

(D.13)

⟨ψ | σzψ⟩ =
〈

ψ∗↑ |↑
〉
+ ψ∗↓ | ↓⟩

) (
ψ↑| ↑⟩ − ψ↓| ↓⟩

)
=
∣∣ψ↑∣∣2 − ∣∣ψ↓∣∣2 (D.14)

σxψ = (| ↑⟩⟨↓ |+ | ↓⟩⟨↑ |) ·
(
ψ↑| ↑⟩+ ψ↓| ↓⟩

)
=
〈
ψ↑ |↓

〉
+ ψ↓| ↑⟩

(D.15)

⟨ψ | σxψ⟩ =
(

ψ∗↑ | ↑⟩+ ψ∗↓ | ↓⟩
)
·
(
ψ↑| ↓⟩+ ψ↓| ↑⟩

)
= ψ∗↑ψ↓ + ψ∗↓ψ↑ = ⟨ψ | σxψ⟩∗

(D.16)

σyψ =(i| ↓⟩⟨↑ | − i| ↑⟩⟨↓ |) ·
(
ψ↑| ↑⟩+ ψ↓| ↓⟩

)
= iψ↑| ↓⟩ − iψ↓| ↑⟩

(D.17)

〈
ψ | σyψ

〉
=
(

ψ∗↑ | ↑⟩+ ψ∗↓ | ↓⟩
) (

iψ↑| ↓⟩ − iψ↓| ↑⟩
)

= iψ∗↓ψ↑ − iψ∗↑ψ↓ =
〈
ψ | σyψ

〉∗ (D.18)
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E
Rashba and Dresselhaus SOI in the

R-matrix formalism

In order to implement Rashba and Dresselhaus SOIs within an R-matrix method, it is
important to include the Bloch operators in order to maintain the Hermiticity of the
Hamiltonian operators. For these particular SOCs, we explicitly calculate here the
action of the Bloch operators onto the spin wavefunctions and the Wigner-Eisenbud
wavefunctions.

For the Rashba SOI, the results are:

LR |Ψ⟩ = LR

(
∑
σ

Ψσ |σ⟩
)

= ∑
σ

ΨσLR |σ⟩

=
α

2 ∑
s,σ

ηsδ(x− xs)i (|↓⟩ ⟨↑| − |↑⟩ ⟨↓|)
[
Ψ↑ |↑⟩+ Ψ↓ |↓⟩

]
=

α

2
(
Ψ↑ |↓⟩ −Ψ↓ |↑⟩

)
(E.1)

⟨χl |LRΨ⟩ = α

2
⟨
(
χl↑ |↑⟩+ χl↓ |↓⟩

)
|
(
Ψ↑ |↓⟩ −Ψ↓ |↑⟩

)
⟩

=
α

2
(
−χl↑Ψ↓ + χl↓Ψ↑

)
=

α

2 ∑
σ

σχl,−σΨσ

(E.2)

Similarly, for the Dresselhaus SOI, we get a similar result:

LDψ = LD

(
∑
σ

Ψσ |σ⟩
)

= ∑
σ

ΨσLD |σ⟩

=
β

2 ∑
s,σ

ηsδ(x− xs)i (|↑⟩ ⟨↓| − |↓⟩ ⟨↑|)
[
Ψ↑ |↑⟩+ Ψ↓ |↓⟩

]
=

β

2
(
Ψ↑ |↓⟩+ Ψ↓ |↑⟩

)
(E.3)
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⟨χl |LDΨ⟩ = β

2
⟨
(
χl↑ |↑⟩+ χl↓ |↓⟩

)
|
(
Ψ↑ |↓⟩+ Ψ↓ |↑⟩

)
⟩

=
β

2
(
χl↑Ψ↓ + χl↓Ψ↑

)
=

β

2 ∑
σ

χl,−σΨσ

(E.4)
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F
Bandstucture of the Lieb lattice

(Python code)

LISTING F.1: TB code for the ideal Lieb lattice

from __future__ import print_function
from pythtb import * # import TB model class
import numpy as np
import matplotlib.pyplot as plt

import pybinding as pb
import matplotlib.pyplot as plt
from math import pi

from cycler import cycler

plt.rcParams["figure.figsize"] = (15,15)

pb.pltutils.use_style()

# Version 1

def lieb(d=1, delta=0, t=0.6, t_p=0.01):
lat = pb.Lattice(a1=[2*d, 0], a2=[0, 2*d])
lat.add_sublattices(

(’A’, [0, 0], -delta),
(’B’, [0, d], delta),
(’C’, [d, 0], delta),

)
lat.add_hoppings(

([ 0, 0], ’A’, ’B’, t),
([ 0, 0], ’A’, ’C’, t),
([ 0, 0], ’B’, ’C’, t_p),
([ 0, -1], ’A’, ’B’, t),
([ -1, 0], ’A’, ’C’, t))

return lat
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(Python code)

lattice = lieb()
lattice.plot()
plt.show()
plt.savefig(’Lieb_lattice_structure.eps’)

lattice.plot_brillouin_zone()
plt.show()

model = pb.Model(lieb(), pb.translational_symmetry())
solver = pb.solver.lapack(model)

#Path in k space

Gamma = [0, 0]
X = [0,0.5*pi]
M = [0.5*pi, 0.5*pi]

bands = solver.calc_bands(Gamma, X, M, Gamma)
bands.plot(point_labels=[r’$\Gamma$’, r’$X$’, ’M’, r’$\Gamma$’])
plt.show()

from turtle import color

plt.rcParams["figure.figsize"] = (10,7)

default_cycler = (cycler(color=[’r’, ’g’, ’b’, ]) +
cycler(linestyle=[’-’, ’--’, ’:’]))

plt.rc(’lines’, linewidth=4)
plt.rc(’axes’, prop_cycle=default_cycler)

model = pb.Model(lieb(), pb.translational_symmetry())
solver = pb.solver.lapack(model)

Gamma = [0, 0]
X = [0,0.5*pi]
M = [0.5*pi, 0.5*pi]

bands = solver.calc_bands(Gamma, X, M, Gamma)
bands.plot(point_labels=[r’$\Gamma$’, r’$X$’, ’M’, r’$\Gamma$’])
plt.show()

# Version 2 => this version was adapted from the PythTB documentation:
https://www.physics.rutgers.edu/pythtb/examples.html

# define lattice vectors
d = 1

lat=[[1.0,0.0],[0.0,1.0]]

# define coordinates of orbitals
orb=[[0.0,0.0],[0,0.5], [0.5,0]]

# make two dimensional tight-binding model
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my_model=tb_model(2,2,lat,orb)

# set model parameters

delta=1
t=0.6
t_p = 0.01

# set on-site energies
my_model.set_onsite([0,0,0])
# set hoppings (one for each connected pair of orbitals)
# (amplitude, i, j, [lattice vector to cell containing j])
my_model.set_hop(t, 0, 1, [ 0, 0])
my_model.set_hop(t, 0, 2, [ 0, 0])
my_model.set_hop(t_p, 1, 2, [ 0, 0])
my_model.set_hop(t, 0, 1, [ 0, -1])
my_model.set_hop(t, 0, 2, [ -1, 0])

# print tight-binding model

my_model.display()

# generate list of k-points following a segmented path in the BZ
# list of nodes (high-symmetry points) that will be connected
path=[[0, 0], [0, 0.5], [0.5, 0.5], [0, 0]]
# labels of the nodes
label=(r’$\Gamma $’,r’$X$’, r’$M$’, r’$\Gamma $’)
# total number of interpolated k-points along the path
nk=200

# call function k_path to construct the actual path
(k_vec,k_dist,k_node)=my_model.k_path(path,nk)
# inputs:
# path, nk: see above
# my_model: the pythtb model
# outputs:
# k_vec: list of interpolated k-points
# k_dist: horizontal axis position of each k-point in the list
# k_node: horizontal axis position of each original node

print(’---------------------------------------’)
print(’starting calculation’)
print(’---------------------------------------’)
print(’Calculating bands...’)

# obtain eigenvalues to be plotted

evals=my_model.solve_all(k_vec)

# figure for bandstructure

fig, ax = plt.subplots()
# specify horizontal axis details
# set range of horizontal axis
ax.set_xlim(k_node[0],k_node[-1])
# put tickmarks and labels at node positions
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(Python code)

ax.set_xticks(k_node)
ax.set_xticklabels(label)
# add vertical lines at node positions
for n in range(len(k_node)):
ax.axvline(x=k_node[n],linewidth=0.7, color=’k’)

# put title
ax.set_title("Lieb lattice band structure")
ax.set_xlabel("Path in k-space")
ax.set_ylabel("Band energy")

# plot first, second band and third band

ax.plot(k_dist,evals[0])
ax.plot(k_dist,evals[1])
ax.plot(k_dist,evals[2])

# save figure with plot
fig.tight_layout()
#fig.savefig("Kagome_to_lieb.jpg")

print(’Done.\n’)
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G
Bandstructure of the Kagome lattice

(Python code)

LISTING G.1: TB code for the ideal Kagome lattice

from __future__ import print_function
from pythtb import * # import TB model class
import numpy as np
import matplotlib.pyplot as plt

import pybinding as pb
import matplotlib.pyplot as plt
from math import pi

from cycler import cycler

default_cycler = (cycler(color=[’r’, ’g’, ’b’, ]) +
cycler(linestyle=[’-’, ’--’, ’:’]))

plt.rc(’lines’, linewidth=4)
plt.rc(’axes’, prop_cycle=default_cycler)

plt.rcParams.update({’axes.labelsize’: ’large’})

plt.rcParams["figure.figsize"] = (10,7)

def kagome_ideal(d=1,delta=0,t=1):

# create a lattice with 2 primitive vectors
lat = pb.Lattice(

a1=[np.sqrt(3)*d/2, -0.5*d],
a2=[d*np.sqrt(3)/2, d * 0.5]

)

lat.add_sublattices(
# name and position
(’A’, [0, 0], -delta),
(’B’, [np.sqrt(3)*d/4, -0.25*d], delta),
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(Python code)

(’C’, [d*np.sqrt(3)/4, d * 0.25], delta)
)

lat.add_hoppings(
# inside the main cell
([0, 0], ’A’, ’B’, t),
([0, 0], ’A’, ’C’, t),
([0, 0], ’B’, ’C’, t),
# between neighboring cells
([1, 0], ’B’, ’A’, t),
([-1, 1], ’C’, ’B’, t),
([0, -1], ’A’, ’C’, t),

)

return lat

lattice = kagome_ideal()
lattice.plot()
plt.show()

def kagome_ideal_v2(d=1,delta=0,t=1):

# create a lattice with 2 primitive vectors
lat = pb.Lattice(

a1=[2*d, 0],
a2=[d, d * np.sqrt(3)]

)

lat.add_sublattices(
# name and position
(’A’, [0, 0], -delta),
(’B’, [d/2, d/2*np.sqrt(3)], delta),
(’C’, [d, 0], delta)

)

lat.add_hoppings(
# inside the main cell
([0, 0], ’A’, ’B’, t),
([0, 0], ’A’, ’C’, t),
([0, 0], ’B’, ’C’, t),
# between neighboring cells
([1, 0], ’B’, ’A’, t),
([-1, 1], ’C’, ’B’, t),
([0, -1], ’A’, ’C’, t),

#([1, -1], ’B’, ’C’, t),
#([0, -1], ’A’, ’B’, t),
#([-1, 0], ’B’, ’C’, t),
#([-1, 0], ’A’, ’C’, t),
#([0, -1], ’C’, ’B’, t),

)

return lat
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# lattice = kagome_ideal_v2()
# lattice.plot()
# plt.show()

lattice.plot_brillouin_zone()
plt.show()

model = pb.Model(kagome_ideal(), pb.translational_symmetry())
solver = pb.solver.lapack(model)

Gamma = [0,0]
M = [pi*2/np.sqrt(3), 0]
K = [2*pi/np.sqrt(3),-2/3*pi]

#bands = solver.calc_bands(Gamma, M, K, X, Gamma)
bands = solver.calc_bands(Gamma, K, M, Gamma)
#bands.plot(point_labels=[r’$\Gamma$’, r’$M$’, ’K’, ’X’, r’$\Gamma$’])
bands.plot(point_labels=[r’$\Gamma$’, r’$K$’, ’M’, r’$\Gamma$’], color =

’k’)
plt.title(’Ideal Kagome lattice band structure’, fontsize=20)
plt.show()

model.lattice.plot_brillouin_zone(decorate=False)
#bands.plot_kpath(point_labels=[r’$\Gamma$’, r’$M$’, ’K’,’X’, r’$\Gamma$’])
bands.plot_kpath(point_labels=[r’$\Gamma$’, r’$K$’, ’M’, r’$\Gamma$’])

# Version 2 => this version was adapted from the PythTB documentation:
https://www.physics.rutgers.edu/pythtb/examples.html

# define lattice vectors
d = 1

#lat=[[2.0,0.0],[1.0,np.sqrt(3)]]

lat=[[np.sqrt(3.0)/2.0,-0.5],[np.sqrt(3.0)/2.0,0.5]]

# define coordinates of orbitals
orb=[[0.0,0.0],[0.5,0], [0,0.5]]

# make two dimensional tight-binding model

my_model=tb_model(2,2,lat,orb)

# set model parameters

delta=0
t=0.6

# set on-site energies
my_model.set_onsite([0,0,0])
# set hoppings (one for each connected pair of orbitals)
# (amplitude, i, j, [lattice vector to cell containing j])

#atom A hopping terms;
my_model.set_hop(t, 1, 0, [ 0, 0])
my_model.set_hop(t, 1, 0, [ 1, 0])
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(Python code)

#atom B hopping terms;
my_model.set_hop(t, 2, 1, [ 0, 0])
my_model.set_hop(t, 2, 1, [-1, 1])

#atom C hopping terms;
my_model.set_hop(t, 0, 2, [ 0, 0])
my_model.set_hop(t, 0, 2, [ 0,-1])

# print tight-binding model

my_model.display()

# generate list of k-points following a segmented path in the BZ
# list of nodes (high-symmetry points) that will be connected

#path=[[0, 0], [0.67*pi, 0], [0.5*pi, 0.5*pi*np.sqrt(3)/3], [0, 0]]

path=[[0.,0.],[2./3.,1./3.],[.5,.5], [0, 0] ]
# labels of the nodes
label=(r’$\Gamma $’,r’$K$’, r’$M$’, r’$\Gamma $’)
# total number of interpolated k-points along the path
nk=300

# call function k_path to construct the actual path
(k_vec,k_dist,k_node)=my_model.k_path(path,nk)
# inputs:
# path, nk: see above
# my_model: the pythtb model
# outputs:
# k_vec: list of interpolated k-points
# k_dist: horizontal axis position of each k-point in the list
# k_node: horizontal axis position of each original node

print(’---------------------------------------’)
print(’starting calculation’)
print(’---------------------------------------’)
print(’Calculating bands...’)

# obtain eigenvalues to be plotted

evals=my_model.solve_all(k_vec)

# figure for bandstructure

fig, ax = plt.subplots()
# specify horizontal axis details
# set range of horizontal axis
ax.set_xlim(k_node[0],k_node[-1])
# put tickmarks and labels at node positions
ax.set_xticks(k_node)
ax.set_xticklabels(label)
# add vertical lines at node positions
for n in range(len(k_node)):
ax.axvline(x=k_node[n],linewidth=0.7, color=’k’)
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# put title
ax.set_title("Ideal Kagome lattice band structure")
ax.set_xlabel("Path in k-space")
ax.set_ylabel("Band energy")

# plot first, second band and third band

ax.plot(k_dist,evals[0])
ax.plot(k_dist,evals[1])
ax.plot(k_dist,evals[2])

# save figure with plot
fig.tight_layout()
fig.savefig("Kagome_ideal.jpg")

print(’Done.\n’)
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H
Gaussian filter
(Python code)

LISTING H.1: Python code to apply Gaussian filter on charge density
maps

from scipy.ndimage import gaussian_filter
import numpy as np
import matplotlib.pyplot as plt
import os
from statistics import stdev

# Load image as array

charge_den =
np.loadtxt(’/Users/amapreda/Exact_diagonalization_ML_PCE/output/RUN_0100

/charge_density_0.dat’).reshape(64,64)

# Functions needed:

def convolution(oldimage, kernel):
image_h = oldimage.shape[0]
image_w = oldimage.shape[1]

kernel_h = kernel.shape[0]
kernel_w = kernel.shape[1]

image_pad = np.pad(oldimage, pad_width=((kernel_h // 2, kernel_h //
2),(kernel_w // 2, kernel_w // 2)), mode=’constant’,
constant_values=0).astype(np.float32)

h = kernel_h // 2
w = kernel_w // 2
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(Python code)

image_conv = np.zeros(image_pad.shape)

for i in range(h, image_pad.shape[0]-h):
for j in range(w, image_pad.shape[1]-w):

#sum = 0
x = image_pad[i-h:i-h+kernel_h, j-w:j-w+kernel_w]
x = x.flatten()*kernel.flatten()
image_conv[i][j] = x.sum()

h_end = -h
w_end = -w

if(h == 0):
return image_conv[h:,w:w_end]

if(w == 0):
return image_conv[h:h_end,w:]

return image_conv[h:h_end,w:w_end]

def GaussianBlurImage(image, sigma_x, sigma_y, noise):
#print(image)
if(sigma_x == sigma_y):

filter_size = 2 * int(4 * sigma_x + 0.5) + 1
gaussian_filter = np.zeros((filter_size, filter_size), np.float32)
m = filter_size//2
n = filter_size//2

else:
filter_size_x = 2 * int(4 * sigma_x + 0.5) + 1
filter_size_y = 2 * int(4 * sigma_y + 0.5) + 1
gaussian_filter = np.zeros((filter_size_x, filter_size_y),

np.float32)
m = filter_size_x//2
n = filter_size_y//2

if(sigma_x==sigma_y):
for x in range(-m, m+1):

for y in range(-n, n+1):
x1 = 2*np.pi*(sigma_x**2)
x2 = np.exp(-(x**2 + y**2)/(2* sigma_x**2))
gaussian_filter[x+m, y+n] = (1/x1)*x2

else:
for x in range(-m, m+1):

for y in range(-n, n+1):
x1 = 2*np.pi*(sigma_x*sigma_y)
x2 = np.exp(-(x**2/(2*sigma_x**2)+ y**2/(2*sigma_y**2)))
gaussian_filter[x+m, y+n] = (1/x1)*x2

### Add noise to gaussian filter if noise = 1

if(noise!=0):
len = (2*m+1)*(2*n+1)
exponent= np.zeros(len)

if(sigma_x==sigma_y):
i=0
for x in range(-m, m+1):

for y in range(-n, n+1):
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x1 = 2*np.pi*(sigma_x**2)
x2 = np.exp(-(x**2 + y**2)/(2* sigma_x**2))
exponent[i] = (1/x1)*x2
i=i+1

else:
i=0
for x in range(-m, m+1):

for y in range(-n, n+1):
x1 = 2*np.pi*(sigma_x*sigma_y)
x2 = np.exp(-(x**2/(2*sigma_x**2)+ y**2/(2*sigma_y**2)))
exponent[i] = (1/x1)*x2
i=i+1

# max = np.amax(exponent)
# min = np.amin(exponent)
# noise_deviation = 0.1 * (max- min) # make

sure the noise is not too large
# noise_deviation = stdev(exponent)

noise_add = np.random.normal(0, noise, gaussian_filter.shape) #
Random noise to add to the filter

new_signal = gaussian_filter + noise_add #
new filter

# print(gaussian_filter[0]) # to
check how filter with/without noise looks

# print(noise[0])
# print(np.shape(gaussian_filter))
im_filtered = np.zeros_like(image)
im_filtered[:, :] = convolution(image[:, :], new_signal) #

filter with noise

else:
im_filtered = np.zeros_like(image)
im_filtered[:, :] = convolution(image[:, :], gaussian_filter)

return im_filtered

# Apply functions

sigma_x = 1
sigma_y = 1

# Set here the standard deviation for the random noise added to the filter.
If noise=0, no noise is added

noise = 0.001

# Generate image with filter

filtered_image = GaussianBlurImage(image=charge_den, sigma_x = sigma_x,
sigma_y = sigma_y, noise=noise )

# Check

fig = plt.figure()
plt.gray() # show the filtered result in grayscale
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ax1 = fig.add_subplot(121) # left side
ax2 = fig.add_subplot(122) # right side
ax1.imshow(charge_den)
ax2.imshow(filtered_image)
title = "Sx = " + str(sigma_x)+ ", Sy = " + str(sigma_y)+ ", noise = " +

str(noise)
ax2.set_title(title)
if (noise ==0):

save_title = "Without_noise"
else:

save_title = "With_Noise"
plt.savefig(save_title)
plt.show()
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I
Computation of the current in the

nanotransistor
(C subroutine)

LISTING I.1: C subroutine for the computation of the current through
the tw-channel nanotransistor

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

double fermi(double E, double Ef, double T, double kb);
double step(double E, double Ef);
long return_index(double En, double dE, double En_new, double E0);

double fermi(double E, double Ef, double T, double kb){
return 1/(1+exp((E-Ef)/kb*T));

}

double step(double E, double Ef){
if (E < Ef) {return 1;}
else {return 0;}

}

// compute index of (E-Ei); where E-Ei has to be a multiple of dE

long return_index(double En, double dE, double En_new, double E0){
if (En < dE){En_new = 0;}

if (fmod(En,dE) > dE/2) {En_new = En - fmod(En,dE) + dE;}
else {En_new = En - fmod(En,dE);}

//return index for En= E - Ei

return (long)((En_new - E0)/dE); //ni
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}

double compute_current( long N_energies, double *Energies, double *trans,
double Vd, double Vg, double T, double Lz) {
//constants
const double kb = 8.617333262e-5; // eV/K Boltzmann constant
const double e = 1.60217663e-19; //C electron charge
const double pi = 3.14169265;
const double hbar = 6.582119569e-16;//eV s
const double em0 = 9.109534e-31;
const double hbar_J = 1.054571817e-34; //hbar in J s
const double joule_to_eV = 6.24150907e18;
const double effmass = 0.5;

//variables
double E;
double Ef, muL, muR;
double I, I_total, I_final;
double a,b, limit1, limit2; //integration limits
double Ei, En_new, E0, E_final, dE, En;
FILE *file;
long n = N_energies;
long na, nb;
double deltaE = Energies[1]-Energies[0];
long i, j, k, index, ni;
double Ez[10];
double C;

C = 4*e*pi/hbar;
E0 = Energies[0];
E_final = Energies[N_energies-1];

I_total = 0; //integral / intensity

//Set integration limits as multiples of dE
/*

if (a < dE){limit1 = 0;}
if (b < dE){limit2 = 0;}

if (a%dE > dE/2) {limit1 = Ei - Ei%dE + dE;}
else {limit1 = Ei - Ei%dE;}

if (b%dE > dE/2) {limit2 = Ei - Ei%dE + dE;}
else {limit2 = Ei - Ei%dE;}
*/

// compute E_i

for (i=0; i<1; i++){



Appendix I. Computation of the current in the nanotransistor
(C subroutine)

201

Ez[i] = joule_to_eV *i*i *
(hbar_J*hbar_J/(2*effmass*em0))*(pi/Lz)*(pi/Lz);

}
//set index for integration limits

//na = (limit1 - E0)/dE;
//nb = (limit2 - E0)/dE;

muL = 0.2;
muR = 0.2 - Vd;

//compute integral

for (k=0; k<1; k++){
Ei = Ez[k];
na = return_index(Ez[k],deltaE, En_new, E0);
nb = (E_final-E0)/deltaE;
I=0;

for(i=na;i<=nb; i++){
En = Energies[i] - Ei;
index = return_index(En,deltaE, En_new, E0);

// printf( "i index %li %li\n", i, index);
if (T > 30){
I = I + (fermi(Energies[i], muL, T, kb) - fermi(Energies[i], muR, T,

kb)) * trans[index] * deltaE;
// I = I + trans[index] * deltaE;
// printf("I=%.6e\n", I);

}
else{

I = I + (step(Energies[i], muL) - step(Energies[i], muR)) *
trans[index] * deltaE;}

}
I_total = I_total + I;

}

I_final = I_total * C;

//FILE *f = fopen("Current_Vd_Vg.txt", "w");
//fprintf(f,"%f %f %f\n",I_total*C,Vd,Vg);
//fclose(f);

return I_final;
}
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J
Nanotransistor
(KWANT code)

LISTING J.1: KWANT code for the multi-terminal quantum sorter de-
vice

import matplotlib.pyplot as plt
from math import exp
import numpy as np
import pandas as pd
import kwant
from scipy.sparse import csc_matrix
from scipy.sparse.linalg import inv
import scipy
import scipy.linalg
import time
import matplotlib.pyplot

# CONSTANTS

kB = scipy.constants.value("Boltzmann constant in eV/K") # unit: eV/K
qe = scipy.constants.value("elementary charge") # unit: C
me = scipy.constants.value("electron mass")/qe*1e-18 # unit: eV*s^2/nm^2
hP = scipy.constants.value("Planck constant in eV s") # unit: eV*s
hbar = hP/(2*scipy.pi) # unit: eV*s
eps0 = scipy.constants.value("electric constant")*qe*1e-9 # unit:

C^2/(eV*nm)

# DEVICE parameters:

# Nanotransistor parameters

D_w = 3 # well nm
D_B = 2 # tunnel barrier
D_tgi = 8 # top gate insulator layer
D_bgi = 8 # back gate insulator layer



204
Appendix J. Nanotransistor

(KWANT code)

y_scat = 2* D_w + D_B
y_device_int = 2* D_w + D_B + D_bgi + D_tgi
L_device_int = 30 # nm

top = 0.3 # top gate
bottom = 0 # bottom gate
source = 0 # source
drain = 0.2 # drain

V_barrier = 2.0 # barrier height eV

h = 0.05 # delta x for Poisson equation

# KWANT tight bindind parameters

a = 0.05 # lattice constant
m = 0.32 # effective mass

W = 4 # width/2 of scattering region [-W, W]
L = 20 # length/2 of scattering region [-L, L]
L_central = 15 # Length/2 of the cenral region

lead_scat = 5
block_lead = 3

t = hbar**2/(2*me*m*a**2) # units: eV

E_min = 0
E_max = 1.5
N_en = 1000

def Solve_Poisson(L_x, W_y, h, top, bottom, drain, source):

# Define system

xmax=L_x
ymax=W_y
h=h

# Set Nx, Ny

Nx = int (xmax/h)
Ny = int (ymax/h)

nx = Nx-1
ny = Ny-1
n = (nx)*(ny) #number of unknowns

# Set boundary conditions
v_top = top # y = max, x = all V top gate
v_bottom = bottom # y = 0, x = all V bottom gate
v_left = source # x= 0, y = all, Vsource
v_right = drain # x = max, y = all, Vd drain
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d = np.ones(n) # diagonals
b = np.zeros(n) #RHS
d0 = d*-4
d1 = d[0:-1]
d5 = d[0:-ny]

# Plot parameters:

x = np.linspace(0, xmax, Nx + 1)
y = np.linspace(0, ymax, Ny + 1)

X, Y = np.meshgrid(x, y)

# Create 2D potential map

vv = np.zeros_like(X)

# set the imposed boudary values
vv[-1,:] = v_top
vv[0,:] = v_bottom
vv[:,0] = v_left
vv[:,-1] = v_right

# Defining the A matrix

d = np.ones(n) # diagonals
b = np.zeros(n) #RHS
d0 = d*-4
d1 = d[0:-1]
d5 = d[0:-ny]

A = scipy.sparse.diags([d0, d1, d1, d5, d5], [0, 1, -1, ny, -ny], format
= ’csr’)

# set elements to zero in A matrix where BC are imposed
for k in range(1,nx):

j = k*(ny)
i = j - 1
A[i, j], A[j, i] = 0, 0
b[i] = -v_top

b[-ny:]+=-v_right #set the last ny elements to -vright
b[-1]+=-v_top #set the last element to -vtop
b[0:ny-1]+=-v_left #set the first ny elements to -vleft
b[0::ny]+=-v_bottom #set every ny-th element to -vbottom

sol = scipy.sparse.linalg.spsolve(A,b)

for j in range(1,ny+1):
for i in range(1, nx + 1):
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vv[j, i] = sol[j + (i-1)*ny - 1]

return vv

def scat_pot(vv_poisson, D_tg_buffer, barrier, h, L_x, w_y):
vv = vv_poisson
vv_pot = vv * (-1)

# Cut the top gate/back gate insulator region

N_tgi = int(D_tg_buffer/h)

x_scat_min = -L_x/2
x_scat_max = L_x/2

y_max_scat = w_y/2
y_min_scat = -w_y/2

Nx_cut = int((x_scat_max - x_scat_min)/h) + 1
Ny_cut = int((y_max_scat- y_min_scat)/h) + 1

v_cut = np.zeros((Ny_cut,Nx_cut))

v_cut[:,:] = vv_pot[N_tgi:N_tgi+Ny_cut,:]

# Create the scattering region for the R matrix code, including some of
the leads

V_b = barrier

y_min_int = -4
y_max_int = 4

y_min_bar = -1
y_max_bar = 1

N_y_bar = int((y_max_bar - y_min_bar)/h) + 1
Ny_int = int((y_max_int - y_min_int)/h) + 1

# Add the potential barrier

v_scat_bar = v_cut

N_add = int((Ny_int-N_y_bar)/2)
v_scat_bar[N_add+1: N_add + N_y_bar-1,: ] = v_cut[N_add+1: N_add +

N_y_bar-1,: ] + V_b

return v_scat_bar

def central_region():

# Solve the Poisson equation:

vv = Solve_Poisson(L_x = L_device_int, W_y = y_device_int, h=h, top=top,
bottom=bottom, drain=drain, source=source)
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vv_scat = scat_pot(vv_poisson = vv, D_tg_buffer = D_tgi, barrier =
V_barrier, h=h, L_x = L_device_int, w_y = y_scat)

return vv_scat

potential = central_region()

# x = np.linspace(-15, 15, 301)
# y = np.linspace(-4, 4, 81)

# X, Y = np.meshgrid(x, y)

# fig,ax=plt.subplots(1,1)
# cp = ax.contourf(X, Y, potential)
# fig.colorbar(cp) # Add a colorbar to a plot
# ax.set_title(’Contour plot’)
# ax.set_xlabel(’x (cm)’)
# ax.set_ylabel(’y (cm)’)
# # plt.savefig(’Contour_plot.png’)
# plt.show()

# Kwant

lat = kwant.lattice.square(a, norbs = 1)
syst = kwant.Builder()

def pot(x,y, potential):
index_x = int(abs(-15-x)/h)
index_y = int(abs(-4-y)/h)
return potential[index_y, index_x]

def onsite(site):
x,y = site.pos
if (-(L-lead_scat) <= x <= L-lead_scat and -W <= y <= W):

return 4*t + pot(x=x,y=y, potential=potential)
if (-L <= x <= -(L-lead_scat) and (-W <= y <= -(W-block_lead))):

return 4*t -source
if (L-lead_scat <= x <= L and (W-block_lead <= y <= W)):

return 4*t -drain

def scattering_region(pos):
(x,y) = pos
poisson_rectangle = (-(L-lead_scat) <= x <= L-lead_scat and -W <= y <= W)
lead_1 = (-L <= x <= -(L-lead_scat) and (-W <= y <= -(W-block_lead)))
lead_2 = (L-lead_scat <= x <= L and (W-block_lead <= y <= W))
return poisson_rectangle or lead_1 or lead_2

syst[lat.shape(scattering_region, (0,0))] = onsite
syst[lat.neighbors()] = -t

sym = kwant.TranslationalSymmetry((-a,0))

# Add leads:



208
Appendix J. Nanotransistor

(KWANT code)

lead_left = kwant.Builder(sym)
def left(pos):

(x,y) = pos
return (-W <= y <= -(W-block_lead))

i = int(-L_central/a)
j = int(-1/a)
# print(i)
lead_left[lat.shape(left, lat(i,j).pos)] = 4*t - source
lead_left[lat.neighbors()] = -t
syst.attach_lead(lead_left)

lead_right = kwant.Builder(sym)
def right(pos):

(x,y) = pos
return (W-block_lead <= y <= W)

k = int(L_central/a)
l = int(1/a)

lead_right[lat.shape(right, lat(k,l).pos)] = 4*t - drain
lead_right[lat.neighbors()] = -t
syst.attach_lead(lead_right.reversed())

kwant.plot(syst);

fsyst = syst.finalized()

# Color the sites accroding to their onsite potential (= their onsite
hamiltonian value)

kwant.plot(fsyst, site_color = lambda i: fsyst.hamiltonian(i,i));

# Check band dispersion in the leads

kwant.plotter.bands(fsyst.leads[0]);

Es = np.linspace(0,1.5,1000)
gs = []

start_time = time.time()

for E in Es:
S = kwant.smatrix(fsyst, E)
gs.append(S.transmission(1,0))

print("time: %3.2f"%(time.time()-start_time))

# f = plt.figure(figsize=(8, 5))
# plt.plot(Es, gs, ’k-’)
# plt.ylabel("$g \quad [e^2/h]$")
# plt.xlabel("$E \quad [t] $")
# # plt.savefig(out_dir+"transmission-prob.png", dpi=300,

bbox_inches=’tight’)
# plt.show();
# plt.close()
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dir = "/Users/amapreda/Kwant_transport/Nanotransistor_dense_grid/"

# plot transmission curve
f = plt.figure(figsize=(8, 5))
plt.plot(Es, gs, ’k-’)
plt.ylabel("Transmission probability")
plt.xlabel("Energy (eV)")
name = "Vb = " + str(V_barrier)+ ", Vd = " + str(drain) + ", Vg = " +

str(top) + ", Vg_bottom = " + str(bottom)
plt.title(name)
name_save = "Vb-" + str(V_barrier)+ "_Vd-" + str(drain) + "_Vg-" + str(top)

+ ".png"
# plt.savefig(dir + name_save, dpi=300, bbox_inches=’tight’)
plt.show()
plt.close()

f = plt.figure(figsize=(8, 5))
plt.plot(Es, gs, ’k-’)
plt.ylabel("Transmission probability")
plt.xlabel("Energy (eV)")
plt.yscale(’log’)
name = "Vb = " + str(V_barrier)+ ", Vd = " + str(drain) + ", Vg_top = " +

str(top) + ", Vg_bottom = " + str(bottom)
plt.title(name)
name_save = "Vb-" + str(V_barrier)+ "_Vd-" + str(drain) + "_Vg-" + str(top)

+ "_log.png"
# plt.savefig(dir + name_save, dpi=300, bbox_inches=’tight’)
plt.show()
plt.close()

# Write to file

filename = "/Users/amapreda/Nanotransistor_simulations/Nonsymmetric_Vg/
Transmission_Vg03Vd02Vb2_kwant.dat"
textToSave= "a = " + str(a) + "\n" + "m_eff = " + str(m) + "\n" + "Vb = " +

str(V_barrier)+ "\n" + "Vd = " + str(drain) + "\n" + "Vg_top = " +
str(top) + "\n" + "Vg_bottom = " + str(bottom) + "\n" + "Energy
Transmission" + "\n"

n=0
for i in range(0,len(Es)):

textToSave+="{0:.6f}".format(Es[n])+ " " + ’{:.6e}’.format(gs[n])
textToSave+="\n"
n=n+1

outfile = open(filename, ’w’)
outfile.write(textToSave)
outfile.close() # Close the file

index_list_min = np.zeros(np.shape(min)[0])
index_list_max = np.zeros(np.shape(max)[0])

for i in range(np.shape(min)[0]):
index_list_min[i] = gs.index(min[i])

for i in range(np.shape(min)[0]):
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index_list_max[i] = gs.index(max[i])

# Plot wavefunctions

mode = int(0)

for i in range(np.shape(index_list_min)[0]):
i = int(index_list_min[i])
wf = kwant.wave_function(fsyst, Es[i])
wave_function_right = wf(1)[mode]
wave_function_left = wf(0)[mode]
density_left = np.abs(wave_function_left)**2
density_right = np.abs(wave_function_right)**2
density_log_left = np.log(density_left)
density_log_right = np.log(density_right)

fig = plt.figure()
ax = kwant.plotter.map(fsyst, density_log_left,cmap=’Blues’)
name_save_3 = "Vb-" + str(V_barrier)+ "_Vd-" + str(drain) + "_Vg-" +

str(top) + "E = " + str(round(Es[i],3)) + "_wf_log.pdf"
ax.savefig(’./Wavefunction_vg03_vd02_vb2_left/Mode_’ + str(mode) +

’/Min_log/’ + name_save_3)
plt.close()

for i in range(np.shape(index_list_max)[0]):
i = int(index_list_max[i])
wf = kwant.wave_function(fsyst, Es[i])
wave_function_right = wf(1)[mode]
wave_function_left = wf(0)[mode]
density_left = np.abs(wave_function_left)**2
density_right = np.abs(wave_function_right)**2
density_log_left = np.log(density_left)
density_log_right = np.log(density_right)

fig = plt.figure()
ax = kwant.plotter.map(fsyst, density_log_left,cmap=’Blues’)
name_save_3 = "Vb-" + str(V_barrier)+ "_Vd-" + str(drain) + "_Vg-" +

str(top) + "E = " + str(round(Es[i],3)) + "_wf_log.pdf"
ax.savefig(’./Wavefunction_vg03_vd02_vb2_left/Mode_’ + str(mode) +

’/Max_log/’ + name_save_3)
plt.close()



211

K
CNN for transmission function prediction

LISTING K.1: KWANT code for the multi-terminal quantum sorter
device

import math
import os
from matplotlib import pyplot as plt
import numpy as np
import pandas as pd
from sklearn import metrics
import tensorflow as tf
from tensorflow.python.data import Dataset
from keras.utils import np_utils
from sklearn.model_selection import train_test_split
from sklearn.metrics import r2_score

tfk = tf.keras
tfkl = tf.keras.layers

N_jobs =2601
N_jobs_extra = 1886
N_x = 60
N_y = 60

path = ’/home/apreda/Nanotransistor/CNN/Poisson_CNN_new’
path_extra = ’/home/apreda/Nanotransistor/CNN/Poisson_CNN_new_part2’

run_zzz = "poisson_red-000"
run = "poisson_red-"
run_z = "poisson_red-0"
run_zz = "poisson_red-00"

List = [0] * (N_jobs + N_jobs_extra)
complete_path = [0] * (N_jobs+ N_jobs_extra)

List[0] = run_zz + str(0)
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# complete_path[0] = os.path.join(path, str(List[0]))

for i in range(0,10):
List[i] = run_zzz + str(i) + ".txt"

for i in range(10,100):
List[i] = run_zz + str(i) + ".txt"

for i in range(100,1000):
List[i] = run_z + str(i) + ".txt"

for i in range(1000,N_jobs+ N_jobs_extra):
List[i] = run + str(i) + ".txt"

for k in range(0,N_jobs):
complete_path[k] = os.path.join(path, str(List[k]))

for k in range(0, N_jobs_extra):
complete_path[k+N_jobs] = os.path.join(path_extra, str(List[k]))

N_all = N_jobs + N_jobs_extra

# Read all images as 3D arrays

pot_cut = np.loadtxt(complete_path[0])

input_potentials = np.zeros((N_all,N_y,N_x))
for k in range(N_all):

n=0
pot_cut = np.loadtxt(complete_path[k])
for i in range(0,N_x):

for j in range(0, N_y):
input_potentials[k,j,i]=pot_cut[n]
n=n+1

# Normalize the data in all the arrays

x_features = np.zeros((N_all,N_y,N_x))
min = np.amin(input_potentials)
max = np.amax(input_potentials)
scale =max-min

for k in range(0,N_all):
min_val = np.amin(input_potentials[k])

for i in range(0,N_x):
for j in range(0, N_y):

x_features[k,j,i]=(input_potentials[k,j,i]-min_val)/scale

path = ’/home/apreda/Nanotransistor/CNN/T_mean_log_all_v2.txt’
data = np.loadtxt(path)

data_pos = data * (-1)
data_res = data_pos.reshape(N_all,-1)
y_target = np.zeros_like(data_res)
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# print(data_res[100])

#for i in range(N_all):
# max = np.amax(data_res[i][:])
# y_target[i] = data_res[i]/max

max_t = np.amax(data_res)
#min_t = np.amin(data_res)

scale_t = max_t

for i in range(N_all):
# max = np.amax(data_res[i][:])
# min_loc = np.amin(data_res[i][:])
# scale = max - min
y_target[i] = (data_res[i])/scale_t

# print(y_target[100])
#x_features_t = tf.convert_to_tensor(x_features)
#y_target_t= tf.convert_to_tensor(y_target)
# Split data into training, test and validation

# Create images where borders are at the center

def flip(array):
x_features_centered = np.zeros((60,60))
b1 = array[0:30,0:30]
b2 = array[0:30,30:60]
b3 = array[30:60,0:30]
b4 = array[30:60,30:60]

b1_flip = np.flip(b1, axis=0)
b2_flip = np.flip(b2, axis=0)
b3_flip = np.flip(b3, axis=0)
b4_flip = np.flip(b4, axis=0)

x_features_centered[0:30,0:30] = b1_flip
x_features_centered[0:30,30:60] = b2_flip
x_features_centered[30:60,0:30] = b3_flip
x_features_centered[30:60,30:60] = b4_flip

return x_features_centered

x_features_flip = np.zeros_like(x_features)
for i in range(N_jobs):

input = x_features[i]
out = flip(array = input)
x_features_flip[i] = out

x_train, x_test, y_train, y_test = train_test_split(x_features, y_target,
test_size=0.1, random_state=45)
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x_train, x_val, y_train, y_val = train_test_split(x_train, y_train,
test_size=0.2, random_state=45)

#Set random seed
tf.random.set_seed(42)

#Create model
model = tf.keras.Sequential([

tf.keras.layers.Conv2D(filters=16, kernel_size=(3,3), padding="same",
activation= tf.keras.layers.LeakyReLU(alpha=0.3),

input_shape=(N_y,N_x,1)),
tf.keras.layers.MaxPool2D(pool_size=(2,2)),
tf.keras.layers.Conv2D(filters = 32,kernel_size=(4,4), padding="same",

activation=tf.keras.layers.LeakyReLU(alpha=0.8)),
tf.keras.layers.MaxPool2D(pool_size=(2,2)),
tf.keras.layers.Conv2D(filters = 64,kernel_size=(5,5), padding="same",

activation=tf.keras.layers.LeakyReLU(alpha=0.8)),
tf.keras.layers.MaxPool2D(pool_size=(2,2)),
tf.keras.layers.Flatten(),
tf.keras.layers.Dense(32, activation="relu"),
tf.keras.layers.Dropout(0.2),
tf.keras.layers.Dense(64, activation="relu"),
tf.keras.layers.Dropout(0.2),
tf.keras.layers.Dense(500, activation="relu"),
tf.keras.layers.Dense(100, activation="relu"),
])

#Compile the model

model.compile(loss="mse",
optimizer=tf.keras.optimizers.Adam(learning_rate = 0.0001),
metrics=["mse"])

#Show summary

model.summary()

# Fit the model
epochs = 6000
batch = 32

history = model.fit(x_train, y_train,
epochs=epochs,batch_size=batch,
validation_data=(x_val,y_val), verbose=1
)

y_pred = model.predict(x_test)

test_dim_1 = np.shape(y_test)[0]
test_dim_2 = 100

filename = "Tfunction_test_predicted.txt"
textToSave=""
for i in range(0,test_dim_1):

for j in range (0, test_dim_2):
a = float(y_test[i][j])
b = float(y_pred[i][j])
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textToSave+="{0:.6e}".format(a)+ " " + "{0:.6e}".format(b) + "\n"
textToSave+="\n"

outfile = open(filename, ’w’)
outfile.write(textToSave)
outfile.close() # Close file

filename = "Potential_test.txt"
textToSave=""
for i in range(0,test_dim_1):

x = x_test[i]
a = x.flatten()
for j in range (0, N_y*N_x):

b = float(a[j])
textToSave+="{0:.6e}".format(b)+ " " + "\n"

textToSave+="\n"

outfile = open(filename, ’w’)
outfile.write(textToSave)
outfile.close()

# Calculate and plot R2 score

def r2_coef(y_true, y_pred):
y_pred = tf.convert_to_tensor(y_pred, np.float32)
y_true = tf.convert_to_tensor(y_true, np.float32)
SS_res = tfk.backend.sum(tfk.backend.square(y_true - y_pred))
SS_tot = tfk.backend.sum(tfk.backend.square(y_true -

tfk.backend.mean(y_true)))
return (1 - SS_res/(SS_tot + tfk.backend.epsilon()) )
# stabilize the division with a small epsilon

r2 = r2_coef(y_test, y_pred) #you can also use r2_score from
scikit learn, if y_test and y_pred are numpy arrays

r2_coeff = math.floor(r2*1000)/1000

print("R2 coeff: ", r2_coeff)

print(r2_score(y_test, y_pred))

if (r2_coeff > 0):
plt.rcParams["figure.figsize"] = (7,7)
plt.scatter(y_test, y_pred)
plt.text(0.9,0.4, r’$R^{2} = $’ + str(r2_coeff), fontsize = 14)
plt.ylabel(r"I_drain predicted", fontsize = 15)
plt.xlabel(r"I_drain real ", fontsize = 15)
plt.xticks(fontsize = 20)
plt.yticks(fontsize = 20)
lineStart = y_pred.min()
lineEnd = y_test.max()
y_lim = plt.ylim()
x_lim = plt.xlim()
plt.plot(x_lim, y_lim, ’--’, color = ’b’, linewidth = 3)
plt.ylim(y_lim)
plt.xlim(x_lim)
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plt.savefig("Transmission_prediction_R2.png")
# plt.show()

plt.figure(figsize=(7,7))
plt.plot(np.arange(epochs),history.history[’loss’], label="Training")
plt.plot(np.arange(epochs), history.history[’val_loss’],

label="validation", c="darkorange")
plt.xlabel("epoch")
plt.ylabel("loss")
plt.legend()
plt.savefig("CNN_loss_trfunction.png")

#functions to plot testing data and the prediction (vs actual data)

test =[10,30,40,50,70,90,100, 150, 200]

for i in range(len(test)):
name = "./Predictions/Predictions_oscillations_" + str(i) + ".png"
test_case = test[i]
plt.figure(figsize=[10, 3])
plt.subplot(1, 2, 1)
plt.imshow(x_test[test_case, :, :])
plt.title(’Poisson potential ’)
plt.subplot(1, 2, 2)
plt.plot(y_test[test_case, :], ls=’:’, c=’k’, label=’True’, alpha=0.9)
plt.plot(y_pred[test_case, :], c=’red’, label=’Pred.’, alpha=0.4)
plt.ylim([0, 1])
plt.title(’Transmission oscillation prediction’)
plt.legend()
plt.savefig(name)
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LISTING L.1: KWANT code for the multi-terminal quantum sorter
device

import matplotlib.pyplot as plt
from math import exp
import numpy as np
import pandas as pd
import kwant
from scipy.sparse import csc_matrix
from scipy.sparse.linalg import inv
import scipy
import scipy.linalg
import time
import tinyarray

# CONSTANTS

kB = scipy.constants.value("Boltzmann constant in eV/K") # unit: eV/K
qe = scipy.constants.value("elementary charge") # unit: C
me = scipy.constants.value("electron mass")/qe*1e-18 # unit:

eV*s^2/nm^2 !!!
hP = scipy.constants.value("Planck constant in eV s") # unit: eV*s
hbar = hP/(2*scipy.pi) # unit: eV*s
mu_B = scipy.constants.value(’Bohr magneton in eV/T’)
eps0 = scipy.constants.value("electric constant")*qe*1e-9 # unit:

C^2/(eV*nm)

# Pauli matrices

sigma_0 = tinyarray.array([[1, 0], [0, 1]])
sigma_x = tinyarray.array([[0, 1], [1, 0]])
sigma_y = tinyarray.array([[0, -1j], [1j, 0]])
sigma_z = tinyarray.array([[1, 0], [0, -1]])

h=5



218 Appendix L. Quantum sorter (KWANT code)

# Read potential from file

v2D = pd.read_table("./Comparisons/data_run_000/v2D.dat", delimiter = ’ ’,
names=[’x’, ’y’, ’pot’], usecols = [0,1,2])

v2D.head()
v2D_arr = v2D[’pot’].to_numpy()
print(np.shape(v2D_arr))
v2D_reshaped = v2D_arr.reshape(200,200)
v2D_rotate = np.rot90(v2D_reshaped, k=1, axes=(0,1))
plt.imshow(v2D_rotate)
plt.show()

# Function to add potential to onsite terms in the TB model

def pot(x,y, potential):
index_x = int(abs(-497.5-x)/h)
index_y = int(abs(-497.5-y)/h)
return potential[index_y, index_x]

# Check

pot(x = -497.5, y = -497.5, potential = v2D_reshaped)

# System dimensions

L= 497.5
W = L #nm
# L = 375
lead_scat = 0
# W = 500
block_lead = 50

a=5
m = 0.023
t = hbar**2/(2*me*m*a**2) # units: eV
alpha = 0.0 * 10**(-3)

# B_up = B_eV
# B_down = -B_eV

Ez = 50 * 10**(-3) * 0.5

B_up = 0.4
B_down = -0.4

lat = kwant.lattice.square(a, norbs = 2)
syst = kwant.Builder()

# Add Zeeman term

def onsite_spin_dep(site):
x,y = site.pos
if ((-L<= x<=L) and (-L<= y <=L)):

if (L-125<=x<=L):
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if ((300<=y<=450) or (50<=y<=200)):
return ( 4*t * sigma_0+ pot(x=x,y=y,

potential=v2D_rotate)*sigma_0 + Ez*sigma_z + Ez*sigma_0 )
elif ((-47.5 >= y >=-197.5) or (-297.5>=y>=-447.5)):

return ( 4*t * sigma_0+ pot(x=x,y=y,
potential=v2D_rotate)*sigma_0 - Ez*sigma_z + Ez*sigma_0)

else: return ( 4*t+ pot(x=x,y=y, potential=v2D_rotate))*sigma_0
else: return ( 4*t+ pot(x=x,y=y, potential=v2D_rotate))*sigma_0

else: return 0

def scattering_region(pos):
(x,y) = pos
poisson_rectangle = (-(L-0) <= x <= L+0 and -W <= y <= W)
lead_1 = (-L <= x <= -(L-0) and (-75 <= y <= 75))
lead_2 = (L<= x <= L + lead_scat and ( 300 <= y <= 450))
lead_3 = (L <= x <= L + lead_scat and (50 <= y <= 200))
lead_4 = (L <= x <= L + lead_scat and (-50 >= y >= -200))
lead_5 = (L <= x <= L + lead_scat and (-300 >= y >= -450))
return poisson_rectangle or lead_1 or lead_2 or lead_3 or lead_4 or

lead_5

syst[lat.shape(scattering_region, (0,0))] = onsite_spin_dep

# syst[lat.neighbors()] = hopping ## no rashba SOI

# For Rashba SOI, we define x,y direction hopping parameters:

# hoppings in x-direction
syst[kwant.builder.HoppingKind((1, 0), lat, lat)] = -t * sigma_0- 1j *

alpha * sigma_y
# hoppings in y-directions
syst[kwant.builder.HoppingKind((0, 1), lat, lat)] = -t * sigma_0 + 1j *

alpha * sigma_x

sym = kwant.TranslationalSymmetry((-a,0))

# Add leads:

lead_left = kwant.Builder(sym, conservation_law=-sigma_z)

def left(pos):
(x,y) = pos
return (-75 <= y <= 75)

lead_left[lat.shape(left, lat(-L/a,75/a).pos)] = 4*t*sigma_0 #
Lead_0

lead_left[lat.neighbors()] = -t*sigma_0
syst.attach_lead(lead_left)

lead_right_1 = kwant.Builder(sym, conservation_law=-sigma_z)
lead_right_2 = kwant.Builder(sym, conservation_law=-sigma_z)
lead_right_3 = kwant.Builder(sym, conservation_law=-sigma_z)
lead_right_4 = kwant.Builder(sym, conservation_law=-sigma_z)

def right_1(pos):
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(x,y) = pos
return ( 300 <= y <= 450)

def right_2(pos):
(x,y) = pos
return (50 <= y <= 200)

def right_3(pos):
(x,y) = pos
return (-50 >= y >= -200)

def right_4(pos):
(x,y) = pos
return (-300 >= y >= -450)

def lead_onsite(site):
return sigma_z

lead_right_1[lat.shape(right_1, lat((L + lead_scat)/a,450/a).pos)] =
4*t*sigma_0

lead_right_2[lat.shape(right_2, lat((L + lead_scat)/a,200/a).pos)] =
4*t*sigma_0

lead_right_3[lat.shape(right_3, lat((L + lead_scat)/a,-200/a).pos)] =
4*t*sigma_0

lead_right_4[lat.shape(right_4, lat((L + lead_scat)/a,-450/a).pos)] =
4*t*sigma_0

lead_right_1[lat.neighbors()] = -t*sigma_0
lead_right_2[lat.neighbors()] = -t*sigma_0
lead_right_3[lat.neighbors()] = -t*sigma_0
lead_right_4[lat.neighbors()] = -t*sigma_0

syst.attach_lead(lead_right_1.reversed())
syst.attach_lead(lead_right_2.reversed())
syst.attach_lead(lead_right_3.reversed())
syst.attach_lead(lead_right_4.reversed())

kwant.plot(syst, num_lead_cells=20);

# Plot potential in the system

def V(site):
Hd = onsite_spin_dep(site)
# return (Hd[0,0] - Hd[1,1]).real
return (Hd[0,0]).real

kwant.plotter.map(syst, V, cmap=’inferno’);

# Finalize system

fsyst = syst.finalized()

wave_funcs = kwant.wave_function(fsyst, energy=0.0037)
wf = wave_funcs(0)
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# up and dw components
Dup = kwant.operator.Density(fsyst, (sigma_0+sigma_z)/2 )
Ddw = kwant.operator.Density(fsyst, (sigma_0-sigma_z)/2)

dens_up = Dup.bind()
dens_dn = Ddw.bind()

# kwant.plotter.current(fsyst, dens_up(wf[0]));
# kwant.plotter.current(fsyst, current_up(wf[1]));
# kwant.plotter.current(fsyst, current_dn(wf[2]));
# kwant.plotter.current(fsyst, current_dn(wf[3]));

fsat = 5 # saturation factor for color scale

fig, ax = plt.subplots(2,2, sharex=True, sharey=True, figsize=(15,10))
plt.rcParams.update({’font.size’: 16})

density_1 = dens_up(wf[0]); vmax = fsat*np.abs(density_1).max()
kwant.plotter.density(fsyst, density_1, ax=ax[0,0], vmin=-vmax, vmax=vmax,

cmap=’bwr’, background = ’aliceblue’)
ax[0,0].set_title(R"Mode 0 $\uparrow$", fontsize=14)

density_2 = dens_up(wf[1]); vmax = fsat*np.abs(density_2).max()
kwant.plotter.density(fsyst, density_2, ax=ax[0,1], vmin=-vmax, vmax=vmax,

cmap=’bwr’, background = ’aliceblue’)
ax[0,1].set_title(R"Mode 1 $\uparrow$", fontsize=14)

density_3 = dens_dn(wf[2]); vmax = fsat*np.abs(density_3).max()
kwant.plotter.density(fsyst, density_3, ax=ax[1,0], vmin=-vmax, vmax=vmax,

cmap=’bwr’, background = ’aliceblue’)
ax[1,0].set_title(R"Mode 0 $\downarrow$", fontsize=14)

density_4 =dens_dn(wf[3]); vmax = fsat*np.abs(density_4).max()
kwant.plotter.density(fsyst, density_4, ax=ax[1,1], vmin=-vmax, vmax=vmax,

cmap=’bwr’, background = ’aliceblue’)
ax[1,1].set_title(R"Mode 1 $\downarrow$", fontsize=14)

plt.tight_layout()
plt.show()

incoming_lead = 0
outgoing_leads = [1,2,3,4]

E_min = 3 * 10**(-3)
E_max = 5 * 10**(-3) #eV
N_en = 400

Es = np.linspace(E_min,E_max,N_en)

T_k0_up = np.zeros((4,len(Es)))
T_k0_down = np.zeros((4,len(Es)))
T_k1_up = np.zeros((4,len(Es)))
T_k1_down = np.zeros((4,len(Es)))
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# Transmission for mode_1 spin_up:

for k in range(len(outgoing_leads)):
out = int(outgoing_leads[k])
for i in range(len(Es)):

E = Es[i]
# print(E)
S = kwant.smatrix(fsyst, energy=E)
S_out_0 = S.submatrix(out,0)
prop_1 = int(S.num_propagating(out)/2)
# print(prop_1)
S_out0_up_up = S.submatrix((out, 0), (0, 0))
S_out0_up_down = S.submatrix((out, 1), (0, 0))
# print(np.shape( S_out0_up_up))
# print(E)
sum_1 = [np.linalg.norm(S_out0_up_up[j,0])**2 for j in range

(prop_1)]
trans_mode_0_upup = np.sum(sum_1)
sum_2 = [np.linalg.norm(S_out0_up_down[j,0])**2 for j in range

(prop_1)]
trans_mode_0_updown = np.sum(sum_2)
trans_all = trans_mode_0_upup + trans_mode_0_updown
# trans_mode_0_up.append(trans_all)
T_k0_up[k][i] = trans_all

# Transmission for mode_1 spin_down:

for k in range(len(outgoing_leads)):
out = int(outgoing_leads[k])
for i in range(len(Es)):

E = Es[i]
S = kwant.smatrix(fsyst, energy=E)
S_out_0 = S.submatrix(out,0)
prop_1 = int(S.num_propagating(out)/2)
# print(prop_1)
S_out0_down_up = S.submatrix((out, 0), (0, 1))
S_out0_down_down = S.submatrix((out, 1), (0, 1))
sum_1 = [np.linalg.norm(S_out0_down_up[j,0])**2 for j in range

(prop_1)]
trans_mode_0_upup = np.sum(sum_1)
sum_2 = [np.linalg.norm(S_out0_down_down[j,0])**2 for j in range

(prop_1)]
trans_mode_0_updown = np.sum(sum_2)
trans_all = trans_mode_0_upup + trans_mode_0_updown
# trans_mode_0_up.append(trans_all)
T_k0_down[k][i] = trans_all

# Transmission for mode_2 spin_up:

for k in range(len(outgoing_leads)):
out = int(outgoing_leads[k])
for i in range(len(Es)):

E = Es[i]
S = kwant.smatrix(fsyst, energy=E)
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S_out_0 = S.submatrix(out,0)
prop_1 = int(S.num_propagating(out)/2)
prop_in = S.num_propagating(0)
# print(prop_1)
S_out0_up_up = S.submatrix((out, 0), (0, 0))
S_out0_up_down = S.submatrix((out, 1), (0, 0))
if (prop_in >= 4):

sum_1 = [np.linalg.norm(S_out0_up_up[j,1])**2 for j in range
(prop_1)]

else:
sum_1 = 0

trans_mode_0_upup = np.sum(sum_1)
if (prop_in >= 4):

sum_2 = [np.linalg.norm(S_out0_up_down[j,1])**2 for j in range
(prop_1)]

else:
sum_2 = 0

trans_mode_0_updown = np.sum(sum_2)
trans_all = trans_mode_0_upup + trans_mode_0_updown
# trans_mode_0_up.append(trans_all)
T_k1_up[k][i] = trans_all

# Transmission for mode_2 spin_down:

for k in range(len(outgoing_leads)):
out = int(outgoing_leads[k])
for i in range(len(Es)):

E = Es[i]
S = kwant.smatrix(fsyst, energy=E)
S_out_0 = S.submatrix(out,0)
prop_1 = int(S.num_propagating(out)/2)
prop_in = S.num_propagating(0)
# print(prop_1)
S_out0_down_up = S.submatrix((out, 0), (0, 1))
S_out0_down_down = S.submatrix((out, 1), (0, 1))

if (prop_in >= 4):
sum_1 = [np.linalg.norm(S_out0_down_up[j,1])**2 for j in range

(prop_1)]
else:

sum_1 = 0
trans_mode_0_upup = np.sum(sum_1)
if (prop_in >= 4):

sum_2 = [np.linalg.norm(S_out0_down_down[j,1])**2 for j in range
(prop_1)]

else:
sum_2 = 0

trans_mode_0_updown = np.sum(sum_2)
trans_all = trans_mode_0_upup + trans_mode_0_updown
# trans_mode_0_up.append(trans_all)
T_k1_down[k][i] = trans_all

fig, axs = plt.subplots(2, 2, figsize=(15, 10))
# fig = plt.figure(figsize=(40,40))

axs[0,0].plot(Es, T_k0_up[0], label=’$s_{1}$’)
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axs[0,0].plot(Es, T_k0_up[1], label=’$s_{2}$’)
axs[0,0].plot(Es, T_k0_up[2], label=’$s_{3}$’)
axs[0,0].plot(Es, T_k0_up[3], label=’$s_{4}$’)
axs[0, 0].set_ylabel(’Transmission’)
axs[0, 0].set_xlabel(’$E$’)
# axs[0,0].set_xlim(11,13)
axs[0, 0].legend();
axs[0, 0].set_title("Transmission of mode $k_{0}up$")

axs[0, 1].plot(Es, T_k0_down[0], label=’$s_{1}$’)
axs[0, 1].plot(Es, T_k0_down[1], label=’$s_{2}$’)
axs[0, 1].plot(Es, T_k0_down[2], label=’$s_{3}$’)
axs[0, 1].plot(Es, T_k0_down[3], label=’$s_{4}$’)

axs[0, 1].set_ylabel(’Transmission’)
axs[0, 1].set_xlabel(’$E$’)
# axs[0,1].set_xlim(11,13)
axs[0, 1].legend();
axs[0, 1].set_title("Transmission of mode $k_{0}dn$")

axs[1, 0].plot(Es, T_k1_up[0], label=’$s_{1}$’)
axs[1, 0].plot(Es, T_k1_up[1], label=’$s_{2}$’)
axs[1, 0].plot(Es, T_k1_up[2], label=’$s_{3}$’)
axs[1, 0].plot(Es, T_k1_up[3], label=’$s_{4}$’)

axs[1, 0].set_ylabel(’Transmission’)
axs[1, 0].set_xlabel(’$E$’)
# axs[1,0].set_xlim(11,13)
# axs[1,0].axvspan(25,25.2, color = ’teal’, alpha=0.3)
axs[1, 0].legend();
axs[1, 0].set_title("Transmission of mode $k_{1}up$")

axs[1,1].plot(Es, T_k1_down[0], label=’$s_{1}$’)
axs[1,1].plot(Es, T_k1_down[1], label=’$s_{2}$’)
axs[1,1].plot(Es, T_k1_down[2], label=’$s_{3}$’)
axs[1,1].plot(Es, T_k1_down[3], label=’$s_{4}$’)

axs[1,1].set_ylabel(’Transmission’)
axs[1,1].set_xlabel(’$E$’)
# axs[1,1].set_xlim(11,13)
# axs[1,1].axvspan(25,25.7, color = ’teal’, alpha=0.3)
axs[1,1].legend();
axs[1,1].set_title("Transmission of mode $k_{1}dn$")

for ax in axs.flat:
ax.set(xlabel=’Energy’, ylabel=’Transmission’)

# # Hide x labels and tick labels for top plots and y ticks for right
plots.

# for ax in axs.flat:
# ax.label_outer()
title = ’./Transmission_’ + str(’kwant’) + ’.png’
plt.show()
# fig.savefig(title)
# plt.close()
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